JOVOTITIKEG Snuewwoelc MAOGHMATIKA A
KepaAxio #5 (2019-20)

IIPATMATIKEX 2YNAPTHZEIX

‘Eotw X,Y oOvoAx. Zov&ptnon f: X - Y &mmé to X 010 Y OVOUKXTOLPE HLKX
oxéon (N xAAWC KAVOVR) TTIoL 0t K&Be x € X avTloToLXICEL évar HOVAOLKO

v €Y 10 omolo oupPoAiCovpe pe f(x).

To oOvoAo X AéyeToil Ttedio opLopOO.

To gOvodo {f(x)|x € X} GUQOA'f(X)gY AéyeTol TS0 TLHWV A ElLKOVX TNG f.

ADO oLVXPTNOELS f,g HE Ttedlo oplopod X elval toeg v f(x) = g(x) yux K&Oe

x € X.

Mwx ovv&ptnon f: X - Y Bx Aédyetal évx mpog évx (1-1) av

f(x1) = f(x2) = x1 = xo.

Mwx ovov&ptnon f:X — Y B Aéyetol i Tov Y v

Yyix K&Be y € Y umtdpxel x € X €10l woTe ¥ = f(x).

MNxp&detypx 1: f:R — R pe f(x) = x°.

H f 8ev eivat emti ol yux To y = =5 8gv LTTIApXEL X € R pe x? = =5,

H f 6ev elvae 1-1 xoO f(=5) =25 = f(5).

Av Tteplopioovpe 1o TTEd(0 OpLOPOD TNG f O0TO SLXOTNUX [0, +00) TTX{PVOLUE
HLX GAAN ouv&apTnon g: [0, +o) — R pe 8o TOTO g(x) = x2%, N otroix glvat
1-1 kaxt oxL emmi. H ouv&pTtnon g Aépe OTL elval TIEPLOPLOROG TNG f.

H ovv&ptnon h :[0,+0) — [0, +o) pe h(x) = x? sivat kxt 1-1 ket €Tt TOL
[0, +00).

20vOeon ouvvaptTnoswv: Eotw ovvaptioelg f: X - Y kxt g:Y — Z pe f
emti. H oOvBeon Twv f Kt g elvaxlt n ouv&pTnon
gof:iX— Z pe 1010 (go f)(x):=g(f(x)).
Mop&detypex 2: f:R— R pe f(x) =2x+1 kot g: R — R pe g(x) = x3. ToTe
(g f)x)=g(f(x) =g@2x +1)=(2x +1)°,
Mwx ovov&ptnon f: X — Y B AéyeToll MIPRYHXRTIKN v X € R Kt

Y € R. ATtO edw kaxt 010 €ENC N AEEN ovuVEAPTNON O ONUXIVEL TTRVTX

TIPAYUXTLKA oLUVEPTNON.




I'paxdpkn mxpxoteon: Eotw f: X — R ocuv&ptnon. To og0voAo TwV onuei-
WV (x,Y) TOL eTLTTEOOL YylX T oTtolxx LoX0el ¥ = f(x) ovou&kTetat ypxdplkn
MXPXOTXOY N YPXPNUX TNG f. STX TTRPRKATW OXNURTHR XTTELKOVICETHRL o-
PLOTEPK N YPRPLKA TIRPROTROT TWV TLUVXPTATEWY fi:R — R pe fi(x) = x?,
for:R— R pe fo(x) =x% -1 KXt 0NV péOonN N YPXPLKA TIRPROTARON ThE OUL-
véptnong g:[-1,11 — R pe g(x) = V1 — x2. Ac&l& aTreltkoviCetat 0 KOKAOG

TTOL W¢ OOVOAO ONUELWY TOL ETTLTTEOOL deV elval YPRPNUX TLUVEPTNONC.

IIPOTAZH Av n ovvé&ptnon f: X — R sivat 1-1 TOTE LTTRPXEL HOVAOLKA OU-
v&ptnon g : f(X) — X pe TV 80T yix K&be x € X, (go f)(x) = x Kt
Yy k&b y € f(X), (fog)(y) = .

H g Aéyetaw axvTioTpodn t™ng f Kot oupBOAICeTot pe f1.

Maxp&derypx 3: f:R — R pe f(x) =2x + 1.

-1 i -1 .
yz kat n oovéptnon f (x) = x2 LKXVOTTOLEL

‘Exovpe v =2x+1= x =

TIG OXETELG

(f Lo f)(x) = FUF)) = fF2x +1) = (Zﬂ# _

KXL

2
Mxp&detypx 4: [0. + o) — [0. + ) pe f(x) = x2.
‘EXoupE ¥ = x? = x = /¥ K&t fH(x) = JX.

(Fof YO =FF 0 = f (257 ) =2 (P57 ) +1- .

MONOTONIA & AKPOTATA

H ovuv&ptnon f: X — R B AéysTat

x0Eovox oV yux K&be x1 < xo = f(x1) < f(x2).
YVNOoiwg adEovox ov yux K&be x1 < x2 = f(x1) < f(x2).

dOivovox v yux k&be x1 < x2 = f(x1) = f(x2).



yvnoiwg $Bivovox v yix k&be x1 < x2 = f(x1) > f(x2).

-x, av x <0
[N mep&detypx, n ovvaptnon f:R - R pe f(x) =1x2, ov x €[0,1]

1, av x >1
elval yvnoiwg @bivovox oto dlkoTnpx (—o0,0], yvnoiwg ad&ovox oto [0, 1]
Kxt a0Eovon oTo [0, +00). ETtiong, elval TauTOXpOova Kt xOEovon Kt @Oi-
VOUOX OTO [1,+00). 3ZTO SLXOTNUX (—o0,1] dev elvaxt 00Te xOEovox 00TE POI-

vouo. To 6o kKt oto R.

Mwx ouv&pTtnon f: X — R Aépe OTL €XEL TOTILKO HEYLOTO OTO Xo XV
DTTAPXEL OLROTNUX (a,b) C X pe xo € (a,b) étoL woTe f(xo) = f(x)

yux K&Be x € (a.b).

Mwx oovaptnon f: X — R Aéue OTL £XEL TOTILKO EAXXLOTO OTO Xg XV
DTIRPXEL OLROTNUX (a,b) C X pe xg € (a,b) éroL wote f(xg) < f(x)

ywx k&be x € (a.b).

TOTIK& XKPOTRTH HLXG oLVEPTNONG f : X — R AéyovTal TX TOTILK&X HEYLOTX
KXL T TOTILKX €AGXLOTX TNG f. AvRAOoyx opiCeTaxt TO OALKO PéEYLOTO (OXv-

TIOTOWXXK, EARXLOTO): N f €XEL OALKO MEYLOTO (XVT. EAXXLOTO) OTO X5 OV

f(x0) = f(x) (avT. f(x0) < f(x)) yux K&Be x € X.

Nap&derypx 5: Eotw n ovvaptnon f(x) = ﬁ | |
[1edio oplopod: R\ {-1,1} apod x°-1=0< x =-1,1. _11 0 1
[Tedio Tpwv: (=00, =11 U (0,00) OO y = ﬁ = /\
x2=21y20=(y+1)y>0=7y>0R y<-1. | |

y b
H f 8ev elvat el kot dev eivat 1-1 (oepo0 f(2) =1 = f(—2)). 'EXeL TOTIKO pé-
YWOTO OTO onueio xg = 0. Emtlong n f Oev éXeL 0¢ KOVEVX OnNUElO TOTILKO

EAAXLOTO KXL 00TE EXEL OALKO HEYLOTO 1 OALKO €AXXLOTO.



TPLYWVOUETPLKEG CLUVXPTNOTELG:

Ol BROLKEC TPLYWVOUETPLKEG OLUVPTAHOELG

nuitovo sin: R — [—1,1] tan
ouvnuiTovo cos:R—[-1,1] —
EPATITOPEVN tan: R\ {kTr + %} — R

OLVEPARTITOMEVN cot: R\ {krr} — R v

OTIoL k € Z xképatog, oplCovTal pe XpRon Tou KOKAOL XKTIVXC 1 (TpLywvope-
TPLKOC KOKAOG) ylx K&Be axplBuo (ywvix) 0 € [0,21r). Tevik&, yux x € R vtt&p-
XEL HOVAOLKOC XpLOHOC Oy € [0,21) KXl XKEPKRLOG k €TOL WOTE X = 2KTT + Oy
Kt Bétovpe f(x) = f(Ox) O0TTOL f OLUPOAICEL K&BE pix XTTO TIG 4 TPLYWVOUE-

TPLKEC TLUVAPTNOELG.

To Tedicx OPLOPOD KAL TLHWV TWV TPLYWVOHETPLKWY TUVXPTHTEWY VXL XU-
T& 1oL SlvovTal TIRPATIAVW. Kapix ek TV Teoo&kpwv dev €XeL TNV WOLOTNTX
v elvat 1-1. Opwg, 1teplopiCovTag KXTXAANAX TO Tted(0 OplLOHOD UTTOPOOUE

v €TTLTOXOVHE TO 1-1. Twx TTXpROELYPUXK, N EPARTITOMEVN elval 1-1 0Ty Tnv

TtEPLOPLOOVHE OTO OLXOTNHUX (—%g) KOl €TOL N OLVEPTNON
T
t — =) —R
a ( 2’ 2)
EXEL XVTLOTPOPN TTOL CLMPBOAICeT™L pe arctan: R — (—% %)

Opowx n ovvaptnon cos: [0, ] — [—1,1] eivaxt 1-1 ko eTri.
EkOeTikn ovvaptnon: f(x) = e, x € R eivar 1-1, adEovox KoL TO TrEdiO
TWWV TNG elvat 1o (0,+00). H avTloTpO®@N TNG €lvait  CLVXPTNON TOL AOYQX-

piBpov log: (0, +00) — R.

OPIA & XYNEXEIA

OPIZMOZ Eotw f:X — R, xo0 € R k&t a € R. O Aépe 6TL TO 6pLo NG f
0TV TO X Telvel 0TO X €lval a, Kt To oLPBOAICovpe limy_y, f(Xx) = a, e&v

oL TWHéC f(x) TnNg ouv&pTnong TTANOL&CoLY TO a 0TV TO X TIANOLXTEL TO Xo.
Map&detypx 6: Eotw n ovv&ptnon f:R — R pe TOTMO f(X) = 5x — 3. TOTE
limy .1 f(x) =2 d0TL Yt X KOVT& 0TO 1 oL TIHéC 5x — 3 elval KOVT& O0TO 2.

Snuelwon: T Tov oplopd Tov oplov limy ., f(x) 0EV XTTALTETAL TO X( V&

XvNKeL 01O Ttedlo oplopod TNG f. Apkel vox LTTRPXOLYV ONUELX X OTOONTIOTE

KOVTX OTO Xo OTX oTtolx vax opiCetat o f(x).



AysTHPOS OPIsMOs EoTtw f: X — R kot a € R. 'Eotw onpelo xg € R étoL woTe To Tedlo oplopod X Tng
f v TiepléXEL vt RVOLKTO SLAoTNUR TNG Hop@ng (xo,C)  (C,Xxp). O Aépe 6TL TO 6pLo Tng f 6TAV TO
X Telvel 0TO X0 &lval @, Kt To oVPPBOAICovpe limy .y, f(X) = a, 6Tav ywx k&Be € > 0 vt&kpxet 6 > 0 €Ol

HOTE Yl K&Bs x € X pe 0 < [x — x| < 10T | f(X)—al <e.
Hap&derypx 6: Eotw n cové&ptnon f : R — R pe 100 f(x) = 5x — 3. Tote limy—1 f(x) = 2 o1 ywx
000év € > 0 avalnToOpe 6 > 0 éToL WOTE VA LOXDEL

0<|x-1l<d=|f(x)-2] <e.

OéA\ovpe \f(x) — 2\ =[(5x —3) = 2| =5|x — 1| < € omdTg, emAéEyovTag 6 = % éxoupe

0<\x71\<6:\(5x73)72\:5\x71\<S§:e.

1-v1—-x

Map&detypx 7: Eotw n ovv&ptnon f : X — R pe 1010 f(X) = ox
01O X = (—00,0) U (0,1). To 6pro limy_.g f(x) vmrodoyiCeTtaxt w¢g €ENC:

lim £ 1—\/1—x_1. (1-vV1-x)(1+V1-x)
) = = A+ VI =)

1
= lim

X 1
:l = —,
*02x (1441 —x) >02(1+v1-x) 4

ITPOTAZH Iox0et 6TL ling% =1 (XTTOdELEN XPYOTEPX).
X —

OPIZMOZ Eotw f:X — R, xo € X. Ox Aépe 6TL N f(x) elval CUVEXAG OTO Xo
otavlim f(x) = f(xop).
X—Xq

Mix ouv&ptnon f: X — R AéyeTal OOVEXNG Vv €lvaxl ouveXNG o€ K&Be x € X.

IIPOTAZH OAec ot oLVXPTAOELS TTOL OPICOVTAL PE eVIX{O TOTTO £lvaxt oLVEXELC.

N TTRp&OELYP® Ol XKOAOVLOEC TLVARPTNOELG

f(x)=c,c e R oTxBep& f(x) =sinx
f(x) =xM m akéEpxLOg f(x) =cosx
f(x)zx aeR f(x) =tanx
f(x) = f(x) = cotx
Sfx) =

elval ovvexelg oe k&Be onuelo ToL TTES{OL OPLOPOD TWV.

Id0tTnTeg: ‘Eotw f,g : X — R ovvexelg ouvxpTNoelg oto Xo € X. ToTe oL

TIXPXKEXTW OLVXPTNOELS

&Bpoopa/dxpop&  (f £ g)(x) = f(x) £ g(x)

YLVOUEVO (f-9)(x)=f(x)
TthAlKO (f19)(x) = g(x;
o0OvOeon (go fllx)=g(f(x))

OTTOL KXL 0TV xLTEC oplCovTal, elvaxl ouvexelc.



INaxpxdeliypxta
(8) H ouvv&ptnon f(x) = /1 —x opiletail yix K&be x € (—o0,1] kKxt €lvext ov-
veXNG o€ K&Be onuelo Tov TrEdiOL OPLOPOD TNG Tl TTRPRIELYPXR, OTK ONUElX

x =1 Kot —3 €Xovpe
lIm f() = f(1) =0 wav  lim f(x) = f(=3) =1~ (=3) =2.

1-V1-x
(9) E€eTt&Coupe wg TIPOC TNV TULUVEXELR TNV g(x) = 2x

1/4 av x =0.
1-VI—x

2x

, oaov x =0

OL ouvapTATElS 1 — /1 —x K&l 2x elval OLVEXE(C GpX KXL TO TTNAIKO
elvat ovvexng ekel mmou opiCetay, dNAKSN 01O (—00,0) U (0,1]. Apx n g elvat
ouveXNg oe kK&Be onueio xg = 0 Tov TESIOL OPLOPOD TNG (—o00,1]. Mével v
e€eT®oOLPE XV N oLVVEPTNON g elvat ouvvexng oTo 0. Ix v elvaxt oLVEXNC
0TO 0 B TTPETTEL VX LDTTXPYXEL TO OpLo limy .o g(Xx) KAKL VX LOOOTKL HE TNV TLUN
™¢ g 0T1o 0, OnAxdn pe to g(0) = 1/4. 310 ITxp&OELYPRX 7 LTTOAOYIOKUE XLTO

TO OpLO KXl TO BpAKape 1/4 ouveTtwg N g elval Kot 0Tto 0 oLVEXNC.

cos (x — %) + sin® (x + %)

, avx=0
(10) EoTtw n ouv&tnon h(x) = log x

0 av x = 0.
A@o0 dlvetat To h(0) = 0, TtpoPavwg, To TEdio oplopod TS h elval TO

[0, +00) Kt OXL TO (0,+00). OTTWG TTPONYOLUEVWG N ouv&kpTnon h elvxt ov-
veXNg o€ K&Be onuelo xg € (0, +00). E€eT&Coupe TNV ouvéxewx oto 0 vTtoAoYyi-
Covtag 1o limy .o h(x) wg €ENc:

cos(x—%)+sin2<x+%) <‘cos<x—%)‘+‘sin2(x+%>‘ 1+l

log x |log x | = Jlogx|

o0 logx — —c0 6TV TO X — 0 Kt &pax |logx| — +00 6TV TO X — 0. Apx n

h elvat ovvexng kot oto 0.

ATto TtponyoOuevn TTPOTASH yvwpiCoupe OTL axv 1 ouv&ptnon f: X — R elvat

1-1 T16Te 0pileTxl N vTIOTPOPN TNC
fl:f(X)-R

KXt LoX0eL n €ENG
ITPOTASH Av f: X — R sivat 1-1 Kkt 0uoveXAg TOTE KL n avTioTpopn f1:
f(X) = R glvat ouvexne.



INaxpxdeliypxta
(11) H ovv&ptnon f(x) =1-2log(l —x),x € (—o,1) elivar 1-1 d0TL
log 1-1
f(x1)=f(x2) @log(l—x1)=1log(l —x2) = 1-x1=1—-Xx2< X1 =X>
A@o0 n f elval ovvexng, n avtioTpopn cuv&pTtnon yvwpiCoups OTL elval

OULVEXNG TIPLV TNV LTTOAOYLTOLUE

y=1—2log(1—x):log(l—x)zl_Tysl—XZesz :f’l(x)zl—ekTy.

(12) H ovvapTtnon g(x) =e X —1,x € R eivat 1-1 80TL

X 1-1
gx1) =g(xy) @ e -1 =22 _] e =3 ] —2X1 = —2Xp © X1 = X2

KXL 1N XVTLOTPOPN TNG &lvat

-2

y=e X—l:>e‘2X:y+1:>—2x:10g(y+1):>x:_w

2

SnAadh, f1(x) = — 18X e (1, +o0).

Snueiwon: Av pix ovovéaptnon f : X — f(x) € R dev eivar 1-1 TOTE, TTexp”
OAo Ttov dev OoplleTaxl N XVTIOTPOPN, €XEL EVVOLX N XVTIOTPOPN ELKOVX £VOC

onueiov b € f(X) n evog ovvodouv B C f(X) wg €Enc:
flbh)={xeX | fix)=b} kxt f1(B)={xeX]| f(x)e€B}.

Mo Top&detyper, n f(x) = x? dev eivar 1-1 &pax v LTTAPXEL N AVTIOTPOPN
XAA&

fla) =lxex|x?=2}={-22)
Kt

fU4,25) = {x e X | 4 <x? <25 € B = [-5,-2] U [2,5].

OEQPHMA (ENAIAMEZHX TIMHZ) Av f : [a,b] — R sivat ouvexig TOTE n
ewova f([a,b]) Tng f elval évax KAELOTO dkotnua [&,n].
EWOWKWTEpR, N elkOVX TNG f TEPLAXRUPERVEL OAeC TIC TIPEG peTaED TwV f(a)

kKxt f(b). To (6o wox0el yix k&Be vrodikoTnux [c,d] Tou [a,b].

[TIOPIZSMA Eotw I Stkotnux oto R kaxt f: I — R ovvexfc. Av a,b € I kat

f(a)f(b) <0 TOTE LTIRPXEL ONUElo X € I éToL woTe f(xo) = 0.

INxpxdsiypxte

(13) H e€iowon x3 —4x? — 65 = 0 éxel TOLAKXLOTOV plx piCx 01O R:

7



Oewpodpe TNV ovv&ptnon f :[0,10] — R n omoix eivaxt ovvexng oto [0,10]
Kt ox0oel f(0) - f(10) = (—65) - 535 < 0. Apx LTTAPXEL Xo € [0,10] éTOol WOTE
f(x0) =0 SnAadf x3 —4x3 -65=0

(14) Abon Tng €Eiowong logx = % - 1.

I[Mpopavwg To X = 1 elvat Abon ool logl = 0. E€eT&Toupe kv DTTAPXOLV
KAAEC.

H ouvv&ptnon f(x) = logx — % + 1 opiCetaxt yux k&bBe x € (0,+00) Kl €lvat

yvnoiwg adEovox ol

1 +logx; <1 +logx> n )
) ) =logx1+1—x—l<logx2+1—

x> x

1

X1 < X2 = -

Kt &pax f(x1) < f(x2).

SVETTG N HovadIkn Avon Tng dobeloag eEicwong eivat To x = 0. AboElg 0TO

(—00,0] dev avaalnTolpe OLOTL yix x <0 0ev oplCeTtaxt 0 Aoy&plOpoc.



10.

. N €€etoete v n ovv&ptnon f(x) =

AOKNOELG

. Nx Bpeite 1O Ttedi0 0pLOHOD YLx K&XOe Pl XTTO TIG TIRPRKEATW CLVXPTN-

OELG KL PE XpNON TOL OPLOHOD v €€eTRoeTe xv elvat 1-1 :

fi(x) =2 -2log(x — 1), falx)=—e*+e¥, f[fi(x)=

fia(x) =1-3sin(2x),  f5(x) =x% - x.

11 oox elvart 1-1 Ko, v vy, v

Bpeite Tnv fL.

. Nt €€etoete aov n f(x) = 8x3 + 1 elvar 1-1 ke vax Bpeite to f1(2).

3-V9-x 4 — x?

. YrrodoyiloTe Tax Oplx lim ——— — kot lim

X0 x x-2X2-5x+6"

. Av n avTloTpéPun cuovaptnon f:R - R pe f(R) = R dépxeToilt &x1td TO

onueio A = (2,4) va AOoete Ty e€iowon f1 (3 +eX 1) = 2.

3ax —4 ov x=+1

. Nx Bpeite To a € R éTOoL WOTE N oLVEPTNON f(x) =

5 av x =1
v €lvoil ouvexnc.

x—1 av x<3

. Agl&te OTL N f(x) = elvxL ouvexng oTto x = 3.

5—XxX v x=>3
YTTO0eLlEN: LTTOAOYIOTE T Oplx limy .3 f(x) OTAV X < 3 KXl OTRV X > 3.

AV f(x) = x3 - x% + x v Oel€ete OTL LTIAPXEL ¢ € R éToL woTe f(c) = 10.

YTTO0elEN: OewpnoTte TN cuv&pTnon h(x) = f(x) — 10 pe Tedio opLopOD

KXTXAANAO [a,b] C R KOL EQRPUOOTE TO OeWPNUXK EVOLRPEONC TLUNC.

. 'ExeL piCec 010 R n e€lowon eX =2 —2x? Av val Ttooec?

YTtodelEn: IxpxtnpnoTe OTL HE KOO TTEOO OpLOPOD OAO TO R, pHLX YVn-
olwg adEovoxx Kol pix yvnoiwg @bivovox cuv&pTtnon pttopoldV EXOouv

MOVO HLX KOLV TLUA.

N Se(€eTe OTL N YPAPIKEG TIXPROTROELS TWV OLVXPTATEWY f(x) = x° +
8x KoL g(x) = —e* TéEPVOVTAL 0 Evax aKpLBwg onuelo xp € (—1,0).
YTTO0eLlEN: BewpnoTe TN ouv&pTnon h(x) = f(x) — g(x) Kx, OTTWC OTNV

&oknon 9, det&te 6TL n e€lowon h(x) =0 éxel pix axkpBwg Adon.



