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EIZATQIH 2TIZ 2YNHOEIZ ATIA®OPIKEX ESIZQSEIS

1 Ewxywyn

YTTRPXEL HEYRAN TTOLKIAIX XTTO ETTLOTNHOVIKE TTPOPANURTH OTX OTIOIX TO X&-
PRKTNPLOTIKO X{TNUX €lVXL O TIPOTOLOPLOPOG HLXC TTOTOTNTHG XTTO TOV pLOUO
HETXPOANG TNG, XTTO TNV TAXOTNTK ONAXON HE TNV oTtolx XAAXTOLV OL TLUEG
™G Tx TTHp&SeLyp: 0 TTIPOTSLOPLOUOC TNG B€0NG evOC XVTLKELPEVOL XTTO TNV
YVOOon Tng TaX0TNTRE KK/ TNG ETILTAXVVONG TOL® 0 TIPOTSLOPLOPOC TNG TTO-
OOTNTRG PAROLEVEPYODC OLOIKG TTOL KTTOHUEVEL UETK XTTO EVX OOOHEVO XPOVLIKO
OLROTNUX &V yvwpiCovpe Tov puBud axroocOVOeoNg TnG. e TIRPAROEIYHRTR O-
TIWE KVTE TIPOOTIXOOOHE VX TTPOTOLOPIOOVUE PHLX RYVWO TN CLUVEPTNON KTTO
HEPLKEG TTANPOPOPILEC TTOL UTTOPODV VX EKPPROTOOV T HOPPN ULXG OXEONG
XVXQPEPOUEVNG T TOVAXXLOTO HLX XTTO TLG TIRPARYWYOULC TNG XYvwoTng ov-
vpTNONG. Ol OXEOELG XVTEC OVOURTOVTXL dLXPOPLKEG EELOWOELG KXL O KAKDOC
TWV HXONUATIKWV TTOV XOXOAEITHL PE TNV OTTIOLAN TOLC E(VAL OLXXPOVIKK TTO
ETIKEVTPO TOUL EVOLXPEPOVTOG KXL TNG HEAETNG TWV EPELVNTWV.

Ou Swxopikéc e€lowoelg (A.E) KXTRTROOTOVTXL 0t 800 KXTNYOpleC: OTLC
ouvnOelg AE. oTlc ottoleg n Tntoldpevn oLVEPTNON (VXL CUVEPTNON HLKG
HETXPANTAC Kl OTIC A.E. HE HEPLKEG TMXPARYWYOUVG, OTTOV N TnToOuEVN OL-
vpTNnon ivat oov&pTnon 800 N TEPLTTOTEPWYV HETKRBANTWY. Evt &TTAG TTCx-

p&delypx puxg ovvnBooug A.E. elvat n oxéon
f(x) = f(x) (1)

N OTTolX LKAVOTIOLE(TXL XTTO TNV €KOBeTIkKR ouvv&pTnon f(x) = e*. Ox do0ue
TIXPAKXTW OTL K&Be ADon tng (1) elvxt Tng poppng f(x) = CeX, o6Ttov C
TUX0DOX OTKOEPK.

H oxéon
*f(x,y)  f(xy) _
0x? oy?

elval TTxpROeLypx AE. pE HEPLKEG TTXPARYWYOLS. AULTH €WOWK& N A.E. AéyeTat

0

eElowon Tou Laplace kot TtxpoLOlXTeTxt 0TN Bewpilx TOL NAEKTPLOPOD KXL



TOU MRYVNTLOMOD, OTN UNXXVIKA TWV PELOTWV KXt )AA0D. To oOvoAo Twv
Aboewv Tng eElowong Laplace TtepLEXEL dLXPOPWV LWV OLVAPTACELC UETARED

TWV OTTolWV

fx,») =x+2y,f(x,5) = e¥cosy, f(x,¥) =log (x> + yz) :

H cvotnuaTikn peAéTn Twv AE. &pXloe x1mtod TOV KXtpd Tou Newton KXL TOUL
Leibniz kot ouvexiTeTal HEXPL ONUEPK. ZTIC TIXPODTEG TNUELWOELS BX XXOXOAN-
BoOpe pe Tovg XTTAODOTEPOLG TOTTOLE OLVABWYV AE. KXt B TIC EPXPUOTOLUE
YIX VX ETTIIADOOVHE KATTOLX (PULOLKX TTPOPLANUXTH T OTtOlX eK@P&XTovTHL (Ho-
vTEAOTIOLOOVTXL) pE xvTEC. H emtidvon Twv A.E. Ti¢ otroleg Bx Bewpnoovpe B
yivel pe Tnv Pondetx KATIOLWY TTOAD EWOLKWV TEXVXOUXTWV.

Oty epyaxCopxoTe pe plx AE. yp&@ovpe ovvibwg vy avti ywx f(x), v’
VTL yux f'(X) KoL ONUELWVOULUE TIC TIXRPARYWDYOUS XVWTEPNG TRENG e v,y
KA, XWpIg o0TO QLUOKE VX EUTTOOICEL TNV XPNOLHOTIOINON KoL RAAWY YPX -
HATWV YIX TNV TTRPROTROTN TNG OLVEPTNONG KOKL TWV TIXPXRYWYWV TNG.

‘Evaig &RAANOG OUUPBOALOUOC YLX TIC TIXPXYWYOLS TTIOL Bt XPNOLHOTIOLNTOVUE

elvat avTOg TOL Leibniz cOp@WVEX pe TOV OTTOlO TLG TTxpxywyovg v, vy, y""’
dy d’y d3y

KA PLXg ouvaptnong y(x) Tig ovpuBoAiCovpe pe Ox’ dx?’ dad KA V-
OTOLXX.
Mepik& Ttoipaxdeiypaxtoe ovvnBwv AE. elvat T €ENC:

dy 2 rr "2

Lo 7x? 4 2x+1 y 2 -1

x X° 4 2x + ey +2(y)

A3y . d*y ,
4@ + smxﬁ +5xy =0 v +e*y =cosx.

3T Ttxpaxmavw A.E. n &yvwoTn ouv&ptnon eivat n y(x) kot n AE. giva

Ml OXéomn HETAED TNG Y (X) KXL TWV TIRPXRYWYWV TNG YV (x).

2 Baowkég ‘Evvoleg kot Opulopol

T&EN pixg AE. elvat n peyaxAdTepn TAEN TTHXPRYWYOL TTOL EPPARVICETRL OTNV
eElowon. T TTp&OELYp:
e HAE. y"e™Xy"” +5x"y =0 éxeL T&EN 3.

a2y\' rdy\® .dy , ,
e H ALE. (W) + (E) +y v 5x €XeL T&EN 2.

e HAE. y' =3x%+5x -7 éxeL T&&n 1.



OPIZMOZ 1 Adon g A.E. pe XyvwoTn ouvpTnon y Kol XVEEXPTNTN UE-
TXPANTN X O0TO XOTHUX I KXAE(TOL pix ovv&pTtnon y(x) n omolx IKXvo-

TToLel TXUTOTIKX TNV A.E. yix k&fe x oto I.
Map&detypx: H cuvdptnon y(x) = 2e™* + xe ™ elvaxt pix Abon tng A.E.
y'+2y'+y=0.

I[Mp&ypxTt, LTTOAOYICOLPE TNV TIPWTN KL Se0TEPN TTRPXYWYO

KL ovTIKOloTwvtog otnv AE. éxovpe

(xe ™) +2(—e X —xe ™)+ (e  +xe ™) =xe X -2 -2xe*+2e ¥ +xe ¥ =0.

Mepiknn ADON ovOouRTeTal plex ottowxdntrote Abon Tng A.E.
Fevikn A0on pwxg A.E. eivat To 00VOAO OAWV TWV CLUVXPTHOEWY TIOL vl

ADoelg Tng AE.
Iap&detypx: H cuvaptnon y(x) = %4 elvat ploe pepkn Abon tng A.E.
y'x-2y-x*=0 (2)

x@oD y'(x) = 2x3 KOl &px
4

VY x -2y -xt= (2x3)x—2<x7> =2x*—x*-x*=0.

I[Ixpopoiwg, n ouv&pTnon y(x) = %4 + 500x? elvat emtiong peplkn Adom. O
XTTO0EEOLPE TIHPAKATW OTL K&Be ADon Tng A.E. (2) elvaxt Tng Hopng
4

y(x) = x? +cx?

YL KXTTOLO TIPXYHXTIKO xplOpo c. Me &AAx Aoylx n yevikn Abon tng A.E. (2)
elvaxt

4

y(x) = x7 +cx?%,c eR. (3)

2.1 IIpoBARHXTX XPXLKWY TLHWV

Omtwg ava@épbnke oTnV eloxywyn, He TNV emmidvon AE. ammavt&ue, peTaED

GAAWYV, 0t TIPOPBAAUXRTX TTPOTOLOPLOUOD HIXG TTOOOTNTRC KTTO TTANPOPOpPieC



OXETIKX PE TO pLOUO HETAKBOARG TNG. Av, YLt TIXPXOELYUX, EXOVME Pl dlxppon
pxdLEVEPYOD LALKOD ONpEpX KoL BEAOLPE VX p&kBovpe TNV axkpfn (xplOpunTiKK)
TTOTOTNTK TIOL BX LTIRPXEL O 5 XPOVIYX, BX TIPETTEL TTPOPARVWDG VX YVWPILCov-
HE TNV TTOOOTNTX TIOL XPXLKWG OLEPPeLOEe. AnAmodn, Bx Trpéttel vox yvwpiCovupue
™V TR T™NG TNTOOHEVNC TLVEPTNONG TNV XPOVIKA oTyun 0 (q YEVIK®, O€
K&TTolo onueio Touv 1ediov oplopod TNng). Ot A.E. TtTov 0LVOOEDOVTXL XTTO Ml
oLVONKN TToL TIPETTEL vx TTIANpol n TntoOpevn cuv&pTtnon ovop&klovtat A.E.

HX XPXLKEG OLVONKEG N XAALWG TTPOPANHXTX XPXLKWY TLHWV.

Moap&detypx: H AE. (2) paxCl pe Tnv amtxitnon y(2) = 20 elvat v TtpOPANU
XPXLKWV TLHWV.
I voe Aboovpe xvTO To TIPOPANUX Bplokovpe TIPWTAR TNV YeVIKA ADOnN (BAé-
e OX€0N (3) MAPATIAVW) KKL XTTO TO 00VOAO TWV ADTEWV XVXTNTOOHE TTOLXK
OULYKEKPLUEVN TLVEPTNON LKXVOTIOLEL TNV doBslon axéon Tov €6w elvaL

4

20=y(2)=2?+c22(:>20=8+4C(:)c=3.

Apo, N HOVXOLKN (HEPLKN) ADON O0TO 000&V TIPOPANUX elval y(x) = X 1352,
A StkA ( ) A 500 BA (x) =%

2.2 Exkmeppaopéveg ki IemAeypéveg Avoelg ALE.

3e OAX TX TTPONYOOHEVA TIXPXROELYHXTX Ol ADOELG (MEPLKEC N YEVIKEC) TTOL -
VRXQEPONKAY EKPPRTOVTARYV PECTW OCLYKEKPLUEVWV OULVXPTACEWV WG TIPOC X.

ANAxdN ol ADOELC TRV TNG HOPPRG
y=F(x,(C),CeR (4)

yix K&mowx ovv&ptnon F. Otav n Adon pwxg A.E. dlvetat pe Tnv popen
(4) Aépe OTL n AOON elval o€ eKTIEPPROUEVN POPPN. ALTO 0&v elval TTRVTX
EPLKTO. AUTO TTOL CLHPBXIVEL TTOAD CLXVE glval VX KXTXAREOLHE O€ Pl oxéon
™G HOPPNG

G(x,y,c) =0,c € R. (5)

3E€ UTEQ TIG TIEPLTITWOELG AéPe OTL oL ADoelg Tng A.E. ekpp&Tovtol O¢ TIe-
TIAEYHEV] HOPPT XTTO TNV TIRPRTIRVW OXEOT.
Moap&derypo: Ioaxpaxk&tw O p&kBovpe v Abvoupe Tnv A.E.

/_y_x

Y Y+ X



Kt 0Ttwg Bt do0pe n ADoNn oplCeTal TTETTAEYPEVX XTTO TNV OoXéon

1 2 2 Y _
Elog (x +y ) + arctan (;) +c=0. (6)

Ox NTRV pP&TXLN K&OE XTTOTTELPX €TTALONG WG TIPOG VY TNG eElO0WONG KXVTAC.
€ TETOLEGC KATAROTROELC TIEPLOPLEOUXROTE VX AéPE XTTAK OTL N TTHXPXTIAVW €E(-
OwWOoTN TIXPLOTAVEL HLX OLKOYEVELX ADOEWV KL TUYKEKPLUEVN TLUN TNG OTXOe-

p&g ¢ Oilvel Kt xTtO pix €0lkn Adon Tng A.E.

3 AWXPOPLKEG EELOWOTELE TIPWTNG TRENG

310 €ENg Bx xaxoAnBoOpue povo pe ouvvnOeig A.E. tpidTng T&ENG, dONAXON, LE

A.E. TtTov N &YyvwoTn cuv&pTNon elvat CUVEPTNON HLXE METXPANTAC KXL OTNV
eElowon eppaviCeTtat pOVo N TIPWTN TTXPRYWYOC. TTo OLYKEKPLUEVX, B Tre-
pLryp&Wpoupe TNV peBodoAoyix emtidvong 000 eldkwyv KXTnyopltwyv A.E. TipmwTNng
T&ENG.

H yevikn popen pwxg AE. Ttpwtng T&ENG slvat

Y = fx,y) (7)

o Tep&oeLypw,

2 _x

Xy

Vv +eXy =xy Kl y’zy

elvat AE. Ttpwtng T&ENC.
Iox0el To €ENC BepeAlwdeg Bewpnuex yux Tic ovvibelg AE. Ttpwtng T&ENC, TTOL

X@Oop& TNV OTIXPEN KXL TO HOVOONUXVTO TNG ADONG XUTWV.

OEQPHMA 2 Eotw n AE. y' = f(x,y) KXt (X9,Yo) onueio oto 1edio optouov

™S f. Av 1oXUEL OTL

e f ovvexng oto oploywvio R = {(x,y) € R?: |x — xol <& |y — vol < &}

. %(X,y) elvat ovvexng oto R

TOTE UTTXPXEL HOVXOLKY AVon y(x) Tng AE. v' = f(x,y) HE TNV OOTNTX
v (xo0) = Yo.

3.1 2ZuvvnOeiwg A.E. pe XwptCopeveg PeTxPANTEG

Ot AE. pe xwplCopeveg HeTPANTEG elvail ’LTEC TTOL N cuvapTnon f(x,y)

oTnVv oxéon (7) eivat To ywwvopevo 800 cuvapTtnoewy h(x) kKot g(y). SVeETTWC,

5



N YEVIKN Hop@n plxg AE. pe xwpllopeveg HeTRPBANTEG elval

vy =h(x)g(y) (8)
AVTIKXOLoOTOVTRG V' = Z—i} éxoupe (ywx g(y) = 0)
dy 1
== = h(x — ——dy =h(x)dx
Ox (x)g(»y) a0 Y (x)

Kt n e0peon TG ADONG ETTLITUYXAVETKL EKTEAWVTRC TILC 000 TTHPXKATW OAO-
KANPWOELS (Wg TIPOC X KXL WG TTPOG V)
JLdy = Jh(x)dx
g(y)
Nop&dstype: Etidvon t™ng AE. xdx — y?dy =0

2 3 [3x2
‘Exovpe xdx = y*dy < dex=Jy2dy=>x7:y?+C(=}y: ’ 3%_30

IMop&detypo: Nx AvBel To TIPOPANUX XPXIKWV TLHWV

eXdx —ydy =0 pe y(0) =1.
YttoAoyiCovpe

eXdx — ydy =0 < e¥dx = ydy < Je"dxz Jydy = e* = y?Z—C
KXL OUVETTWG N YEVLIKN ADON elvat
Y2 =2e* 4+ 2C.
Mo v IKAXVOTTOLEITARL N xpXLKN ouvOnkn Y (0) = 1, TtpéTtel
y(0)2=2e0+2C(:>1=2+2C(:>C=—%.

Apx n ADON TOL TIPOPBANURTOC KPXLKWV TLHWV VXL

1
y2=2e’“—2§ oy =+2ex — 1.

SNUELWTEOV OTL N ouvapTNoNn Y(x) = —/2eX —1 Tap”  OA0 TTOL &lvat ADON
¢ A.E., dev axttoTeAel ADON TOL SOTHEVOL TTPORANURTOC XPXLIKWY TLUWV OLOTL

v(0) = —+/2eY —1 = —1, dnAxdn, 6ev TAnpol TNV xpxkn oovvOnkn y(0) = 1.

Mxp&dstypoe: Emidvon g AE xy (1 +x%)y’ =1+ y2.



YTro0éTovTg X + 0 éXovpe

Yy oo 1 J y _J 1
1+y20 “x(x+1) 1+y2dy_ x(x2+1)dx
= 2J1+y2dy_ x T x2r1) dx

= %log(l +y2) =10gx—%10g(1+x2) +C

= log(1+ y?) =2logx —log (1 +x?) +2C
(x)-log(x%+1)+2C _ x®e*c

2 _ ,2log
= l+y-=e X211

e2Cx2
= et

3.2 I'pxppikég ALE.
Mwx TtpwTNG TAENG A.E. e€lowon AéyeTxl YPXHHULKN oV €lvaxl TNg HopPNng
Y +px)y =4q(x) (9)

OTTOL p, q (vl oLVEXEIG WG TTPOG X OLVAPTACELS. AV q(x) = 0 TéTE N e€lowon
(9) yivetau

Y +px)y =0 (10)
N OTTOlX AEYETXL OUOYEVNG YPOXHUULKN A.E.
H opoAoyict «YpXPHULKA» TIPOEPXETKL XTTO TO YEYOVOC OTL &V Y1 (x), V2(x) elvat
000 ADCOELC TNG OPOYEVODC TOTE KADE YPXUULKOG TLUVOLXOUOG A1y +Ax Yo Elvat

ertiong Avon tng (10):

(A1 +A22) + (Ay1 +2202) (X)) = Ay) + Aoys + AP (X) + Aoyap(x)
AL (1 +p(0)y1) + A2 (73 + P(x)2)
= AM0+A0=0
Emtidvon ypaxppuitkng A.E.: TIoAAXTIAXOL&CoLpE Kol Tox d00 péAN Tng €Elowong

(9) pe KATEAANAN CLVEPTNON V(X) ETOL WOTE TO KPLOTEPK PEAOC TG e€low-
ong (9) va oOTaL pe TV Ttap&ywyo (v(x)y) Tng ouv&ptnong v(x)y. H
oLUVEPTNON KLUTN vl N
v(x) = el P)dx

xX@on

(v(x)y) = (emxmxy)’ _ (emxmx)’y + el peadx
elrXdx ([ p(x)dx)" y + el pdx
v(xX)px)y +v(x)y =v(x)(y +px)y).

7



OAOKANPWVOVTRG EXOLME

V(x)y = jq(x)v(x)dx 1 C= y(x) =

OTToL v (x) = el P¥)dx,

v(lx) (Jq(x)v(x)dx + C)

SUVETIWG N YEVIKAN ADON TNG YPXUHULKAG eElowang (9) elva

y(x) = W (JQ(X)QJP(X)dXdX + C) ,C € R.

(11)
Mxp&detypoex: Emidvon tThg y'x = x? + 3y, x > 0.

MetaTpémtovpe TNV A.E. otnv poppn v + p(x)y = q(x):

VX -3y=x"<=y +—y=X ¢
X alx) =x
_: -3
YTtoAoy{Coupe ol Xdx — o3 xdx _ p-3logx _ (el"g") =x3= %
KXt x1to ToVv TOTTO (11) éXOULpE
y(x) =

o (Jtitere) - ([ e)
1/x (Jxx3dx+C>—x dex+C =X
MMapadetypx: Emidvon tng v’ +2xy = 2xe™™

ATtO Tov TOTTo (11) Kt yux p(x) = 2x,q(x) = 2xe X" €Xoups

yix) =

o~ |2xdx (J Dxe X elxdx gy 4 C) =X (J 2xe X X dx + C)

e X’ (J 2xdx + C) = e X’ (x2 + C) )

Mop&dertypx: ETTALVON TOL TIPOPBAAURTOC KPXLKWV TLHWV

ty'+2y=t2—t+1,y(1)=1

E.
INo TV ypopukn A.E.
2 2~ 1
ty +2y =t -t+1 <=y + 7 yzt%
—~ —_—
p(x)

a(x)
Aoyl _ ol 2dt _ ,2logt _ 42 A A( ,
vTtoAoyiCovpe v(x) = et e 12 k&L N YEVIKR AOON €ivat

1 t2—t+1, 1 5 o
ot2\4 3 2 4 3 2 ¢
Oé¢tovtag t =1 mpoodlopiCovpe To C woTe y (1) =

-



Ebxppoyn: I'vwpiCovpe 6TL 0 OXETIKOG pLOUOC ROENONC £vOg TTANBLOUOD Pox-
KTnplwv elval av&Aoyog Ttouv TTANOBLopoD. Av Tnv Xpovikn oTiypn £ = 0 o
TANOLOUOC elvat 200 KL TNV XPovikn oTiypn t = 10h eivat 280 v PBpebet o
TTANOLOUOC TWV BaKTNPlwv TNV XPOVIKN oTyun t = 30h.

‘Eotw P(t) 0 TANBLOPOC TNV XPOVIKN OTLYMR t. Mg diveTot OTL
P’ = kP

yux K&Tolx otobep& k > 0. AOVoOupe xLTAV TNV TIPWTNE TAENC A.E. Kot £€Xovpe

%dP = kdt < logP =kt + C = |P(t) = e* ekt

AuTn elval n yevikn ADON KoL XTTO T OE00PEVX PG B TTPETTEL VX TTPOOLO-
ploovpe TIg oTBepéc k Kt C dNAXON v BpoOHE TNV CLYKEKPLUEVN (MEPLKN)

ADO™ TTOL LKRVOTIOLEL TLG OLVONKEC TTOL €XOVUE:

Ao0 P(0) = 200 = 200 = e€e® = e€ &pa |P(t) = 200Xt

280 _ 1ok g = L 10g280 L 033 qpa

Aol P(10) = 280 = 500 e =k = 70 500

P(t) = 2009331,

ATIO TNV TeAeuTRIX OXEON PTTOPOUHPE VA LTTOAOYIOOLHE TO TTANBLOPO € OLX-

ONTTOTE XPOVIKA OTLYUR:

P(30) = 200 ¢%933:30 = 200 %9 = 200 - 2,71 = 542.



AOKNOELC

1. N BpeBel n yeviki ADon K&Oe pLg ek TWV TIXPXKATW (XWPLCopevwy

peTxpAnTwyv) A.E.
(a) ¥ = y°x’

1
(b) xdx+—dy =0
y Yy

’ y
(c) ¥ =2
,  xeX
(d) y' = 2y

2. Nox AvBo0vV T TIXPAKATW TIPOPANUXTX KXPXLKWV TLUWV:
(a) sinxdx +ydy =0, y(0) =-2
(b) (x2 + 1) dx + ldy =0, y(-1) =1
y

2

dy ¥y
(©) dx 2x-9’

d) —xe¥ 1+yy =0,v1) =1

x>9/2,y(5)=1

3. N Bpebel n yevikn ADON K&OE PLXC €K TWV TIXRPARKEXTW (YpXHUULKWV) A.E.
(@) y-y-2x-1=0
(b) v' +2xy =2x3
(c) ¥ +y =sinx
, 1. 1 11
(d)y+xy_x4+xz x

4. Nox AvBo0V T TIXPRKEATW TIPORANUATHR XPXLIKWV TLHWV:

(@) ¥y -3y -x=0,y(0)=1
, 1 4 2

(b) ¥ —;yzx -x“+x,x>0,¥v(1) =3/4
/ 1 4x—-1

(C) y +;y:e 1x>01y(1) =_]-/2

, 2 1 2
(d) »y +;y=?+;+3,x>0,y(1)=4
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