
Exercise 1
Let f(x; y; z) = x

y +
y
z : The gradient of f is

rf(x; y; z) = (@f
@x
;
@f

@y
;
@f

@z
) = (

1

y
;� x
y2
+
1

z
;� y
z2
) =)

rf(4; 2; 1) = (1
2
; 0;�2):

� Therefore, the directional derivative Dvf(p) takes its maximum value
along the direction rf(4; 2; 1) = ( 12 ; 0;�2) (see theory).

� Dfv(p) takes its minimum value along the direction�rf(4; 2; 1) = (� 1
2 ; 0; 2):

� Dfv(p) = 0 along a each vector perpendicular to rf(4; 2; 1) = ( 12 ; 0;�2):
For example such a vector is v = (2; 0; 12 ) since rf(4; 2; 1) � v = (�

1
2 )2 +

2( 12 ) = 0:

Furthermore,
Dvf(p) = rf(p) �

v

jvj :

In this folmula, we set rf(p) = rf(4; 2; 1) = ( 12 ; 0;�2); v = (2; 1; 3); jvj =p
22 + 11 + 32 =

p
14; we calculate Dvf(p):

Exercise 2.
AB = B � A = (2; 1): Therefore AB

jABj = (2=
p
5; 1=

p
5); since jABj =p

22 + 12 =
p
5:

AC = C �A = (0; 4): Therefore AC
jACj = (0; 1); since jACj = 4:

AD = D �A = (5; 12): Therefore AD
jADj = (5=13; 12=13); since jADj = 13:

Let rf(A) = (a; b): We have,

DfAB(A) = rf(A) �
AB

jABj = (a; b) � (2=
p
5; 1=

p
5) = a

2p
5
+ b

1p
5
= 3

DfAC(A) = rf(A) �
AC

jACj = (a; b) � (0; 1) = b = 26

From these equations we may �nd a and b:
Also,

DfAD(A) = rf(A) �
AD

jADj = (a; b) � (5=13; 12=13) = a
5

13
+ b

12

13

Setting in the last equation the values of a and b that we have found before,
we may calculate DfAD(A):

Exercise 3
The equation x2 + 2y2 + 3z2 = 1 de�nes a surface, say S: Let F (x; y; z) =

x2 + 2y2 + 3z2: Then the surface S is de�ned by the equation F (x; y; z) = 1:
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Let p = (x; y; z) be a point of the surface S: If the tangent plane to S at the
point p is parallel to the plane 3x� y + 3z = 1; then the normal vector of S at
p is parallel to the normal vector of the plane.
Therefore,

rF (x; y; z) = r(3;�1; 3)

Therefore,

(
@F

@x
(p);

@F

@y
(p);

@F

@z
(p)) = r(3;�1; 3) =)

(2x; 4y; 6z) = r(3;�1; 3) =)

x =
3r

2
; y =

�r
4
; z =

r

2
:

We replace the last values of x; y; z at the equation x2+2y2+3z2 = 1 and we
may �nd r and thus the point p = (x; y; z) where the tangent plane is parallel
to 3x� y + 3z = 1:
Note: Actually you �nd two values for r and so two points p; p0 which have

the required property.

Exercise 4
We consider the surface S de�ned as the graph of the function z = f(x; y) =

ln(x2 + y2):
We have z = ln(x2 + y2) () ln(x2 + y2) � z = 0: Therefore, if we set

F (x; y; z) = ln(x2 + y2) � z; the surface S is de�ned as f(x; y; z) : F (x; y; z) =
ln(x2 + y2)� z = 0g:
Now, if p = (1; 0; 0); from our theory we have that

� The tangent plane at p has the equation

@F

@x
(p)(x� 1) + @F

@y
(p)(y � 0) + @F

@z
(p)(z � 0) = 0:

� The normal line at p has the equation

x = 1 + t
@F

@x
(p)

y = 0 + t
@F

@y
(p)

z = 0 + t
@F

@z
(p)

Therefore you calculate @F
@x (p);

@F
@y (p);

@F
@z (p); you replace in the previous

formulas and you �nd explicitly the required equations.

Exercise 5
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From our theory we know that Dfv(p) takes its maximal value if the vector
v is parallel to rf(p):
Therefore, rf(p) = r(1; 1; 1):
Also, we know that this maximal value is jrf(p)j and on the other hand, it

is given in the exercise that this value is 2
p
3: Therefore,

jrf(p)j =
p
r2 + r2 + r2 = r

p
3 = 2

p
3

Therefore, r = 2 and hence rf(p) = (2; 2; 2):
Furthermore, Dvf(p) is easily calculated since

Dvf(p) = rf(p) �
v

jvj

and v = (1; 1; 0):

Exercise 6
You �nd the equation of the normal line to the surface xy + z = 2 at p =

(1; 1; 1) and you verify that the point (0; 0; 0) belongs to this line.

Exercise 7
Let p = (1;�1; 1):All the values ofDvT (p) belong to the interval [�jrT (p)j; jrT (p)j]:
rT (x; y; z) = (@T@x ;

@T
@y ;

@T
@z ) = (2y; 2x�z;�y) =) rT (1;�1; 1) = (�2; 1; 1) =)

jrT (p)j =
p
6:

Since �3 =2 [�
p
6;
p
6] the answer is that such a direction u does not exist.
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