JOVOTITIKEG Snuewwoelc MAOGHMATIKA A
KepxAxwo #7 (2020-21)

OAOKAHPQOMATA

OP1=MOZ TOY OPIZSMENOY OAOKAHPOMATOS (TTA XYNEXEIZ XYNAPTHZEIZ)

‘Eotw f:[a,b] — R ovvexng ovv&ptnon. XwpiCovpe 1o SLROTNUX [a,b] oe n
(OX LTTOSLXOTAMKTX

[XO’XI]’ [XlsXZ]’- . -;[xnflaxn]

, , _q OupB. . ,
(0TTOL X9 = a KKXL Xy = b), pHAKOLC b—n“ = AXx TO K&Oe éva.

EmtiAéyovpe Toxaio onpelo & € [xXk-1,Xk] KXt oxnuatiCovpe 1o &OpoLoUX
n
B.
Sn=FENAX+f(E)Ax+- -+ f(E)AXZ D f(5)Ax
k=1

ATTOSELKVOETAL OTL YLX OLVEXELC OLVXPTAOELS TO Oplo limy, . S, LTTRPXEL KL
elvail xveEXRPTNTO XTTO TNV ETTLAOYA TWV &k € [Xk_1, Xk ]-
H Ttwn Ttou opiov ovop&Tetal opltopévo oAokANnpwpax Tng f oto [a,b] kot

b
oLHBOAICETOL pe J f(x)dx.

A

b

e AV f(x) =0 ywx K&Be x € [a,b] TOTE TO OAOKANPWUX J f(x)dx wodTxL
a

HE TO EUPROOV TOL XWPLOL TTIOL PPAROCETHL XTTO TO YPRENUXK TNG f KOL

TOV X—&EOVX.

b
e Av f(x) <0 ywx K&Be x € [a,b] TOTE TO OAOKANPWUX J f(x)dx wobdTx
a

HE TO VTIBETO TOL TTpOXVARPEPOEVTOC eUPXSOD.



e Av f(x) 20 ywx x € [a,c] K&t f(x) <0 ywx x € [c,b] TOTE TO OAOKANpwW-

HX LOOOTHL HE TO OAYEBPLKO &OpOoLoHX
b
J f(x)dx =E* —E
a

otov ET (xvTioToxew E7) eivat To guPfxddv Tou Xwpiov 1oL BplokeTmL

TTAVW (VT. KATW) XTTO TOV X —&XEOVX.

I60TnTEeG: EoTw f,g:[a,b] — R ovvexelg ouvapTnoelg, A € R kxt ¢ € [a, b].

—

. J: (f+9) (x)dx = J:f(x)dx + J:g(x)dx.

N

. Lb Af(x)dx = AJ:f(x)dx

w

. fff(x)dx = [T f(x)dx + fchf(x)dx

4. Av n f eival @poypévn, onAadn, vtpxovy m,M € R pe m < f(x) <M
b
ywx k&be x € [a,b] T6Te m(b —a) < J f(x) <M -a).
a

Aépe OTL gk ouvvaptnon G : [a,b] - R elvalt MXPXYOLOX TNG CLVEXPTNONG
f:la,b] = R av G'(x) = f(x). H Tap&yovox HLxg ovvaptnong f 0ev elvat
HOVXOLKA ool v G Ttxp&yovox TG f TOTE KXt n ovv&ptnon G(x) + C,

otou C otabep&, elval emtiong mexp&yovox Tng f.
IIPOTAZH Av f:[a,b] — R ovvexfg k&t G: [a,b] — R Ttap&yovox tnG f TOTE

b
J f(x)dx = G(b) — G(a).

H mmaxpamta&vw IMTPOTAZH eivat [TOpLOpPa TOL TTOAD TTLO YEVIKOD KXL ONUXVTLKOD
OEWPAPARTOC TTOV OVOURTETRL OgpeALWdeC Oewpnuat ATTELPOOTIKOD AOYLOHOD
KXL TO OTTO{0 XTTOodElkVOEL TNV DTIXPEN TIXPRYOLOKG YIx K&Be ouvexn ouvap-

™non.

OEMEAIQAES OEQPHMA AEIPOITIKOY AOTIZMOY Eotw f:[a,b] — R ouvexfg ouv&ptnon. ToTe n
oguv&ptnon F(x) = Lf f)dt stvo Ttopoywylowun ke woxdel F (xg) = f(xo) ywx K&bs xo € [a, b].

H F(x) elvat, Tpo@ovig, Pl TTRpRYoLoX TNG f Kol OVOUATETRL aOpLoTo oAoKANpwuax Tng f.

ATt 1O Kep&Anto 6, yvwpi{Coupe TIC TTRPRYOVOTEC XPKETWYV TLUVXPTHNOEWV:

v n+l r 1

x"dx = 1+C,n:»t—1 ;dx=log|x|+C
J. “r X

eXdx =e* +C a¥dx = +C,a>0
J J loga

sinxdx = —cosx +C cosxdx =sinx + C
T Lo

5 dx =tanx + C ——dx =cotx +C

J cos?x J sin“ x



TEXNIKES OAOKAHPQSHS

(0x) M€O0OOOG XVTIKOTROTXONG
ANAGCovpe TNV pop@n TS ouv&pTNONG f(x) BETOVTAG HLX KXTRAANAN TTX-

PROTXOT WC TIPOG X WC VEX METARBANTN t = t(X) KXL EXOVME
dt =t'(x)dx Ko Jf(x)dx = Jcl)(t)dt.

H emmidoyn Tng MapXoTRONG L(X) YIVETKRL HE OKOTTO TO OAOKANPWHX TNG ¢ (L)

VO VXL TTLO E0KOAX DTTOAOYLOLHO.

- 5 @«l): J 4 Ofétovpe t =3x* -5 J 11 gt
xpadsrypa (x — = _dx = = | ——dt =
(3x4 — )6 oTtoTe dt = 12x3dx t612
1 t—6+1 1 1
| =t fdt=———— 1 C=- +C=-—— 4+ C.
12 (-6+1)12 60 (t)° 60 (3x4—5)°

MMxp&derypx (x2):

Oftovps t = 2x
Jsin(Zx)dx = H JLntdt = ——Cost +C = —lcos(Zx) C.
ottoTe dt = 2dx 2

MNaxp&derypax (x3):

e X [ Ofétovpe y=1+e*
dx =
1+ex

_ J__ldy = —log|y|+C=-log(l+e X)+C.
omtoTe dy = —e ¥dx Y
i y=V2—x=>x=2-y? ]

X
——=dx = -1 dx
V _dy 5 _2_de: Ta dyJ

_ J(z —y2)2 (=2)dy = -2 ﬂ (4 — 4y? +y4) dx

MNaxp&derypx (x4): J

3 5 8 (v2 ’ 2 (2 ’
SV S G G N puprgtt ) ) e

3 5 3 5
(B) OAOKANPWON KRXTX TIXPXYOVTEG

ATIO TOV KXVOVX TTXPXYWYLONG TOU YLVOHEVOL EXOULME

(f(x)g(x)) = f(x)g(x) + f(x)g (x)

oTtoTE

f(x)g(x) = J (f(x)g(x)) dx = J (f (x)g(x)) dx + J (f(x)g (x))dx

KOXL OUVETTWG

[ (Fr0a00) ax = feog e - [ (F0g 0) ax. )



H tedevtaiox oxéon pmopel vae xpnotpottonBel pe okotd vax XTTAOLOTELOEL N
UTTO OAOKANPWOTN CLVEXPTNON.
MNop&derypax (B1):

. , 5 (1 . .
Jx (sinx) dx oo ( )x sinx — JX' sin xdx

J X cosxdx

xsinx — Jsinxdx = xsinx + cosx + C.

MNap&dertypx (B2):

3x\’ . -3x -3x
Jxe3xdx = jx (e_S ) dx 0mi(l)xe_3 —Jx’e_g dx

xe73x e—3x Xe—3x e—3x
- T3 _J—de__ 3 9 '€

MNap&derypax (B3):

3 3 3
szlogxdx = J(DCS ) log xdx “™2 %logx—J%(logx)'dx
~ x3logx (x31 x3log x 1J 2
E 3 XT3 3 ) XX
_ xilogx  1x3
= 3 "33°€¢

MNap&derypx (B4):

Jx\/1+xdx = Jx% ((1 +x)3> dx e gx(l +x)z —%JX'(I +x)%dx
2 3 2 3 22 5
= 2 = — 2 —_— 2

3 (1+ x) J(1+x 3x(1+x) 35(1+x) +C

(y) OAokANpwon Pnrtwv ouvepTNoewy

‘Eotw O6TL n ouv&ptnon f(x) elvat To TNAIKO 00 TTOALWVOUWY p(X) KL
q(x). EEt&Covpe Tnv TepimmTwon mou o PBxOuo6g Tou p(x) elval yvAolx HL-
KpOTEPOG TOL BAROPOD TOL q(x) (XV elval > eKTEAODPE OLXipeon TTOALWVOHWYV
KL RVRXYOUQROTE OTNV TEPITTTWOWON ).

H TeXvikn OAOKANPpWONG TWV PpNTWV CULUVAPTNOEWV EYKELTKL OTNV XVXALON

rx)
q(x)

TNV €WK TTEPITITWON TTOL 0 TIXPRVOUXOTAG q(X) EXEL TIPAYUXRTIKEG plTeC.

TOU KAROPXTOC & 0¢ XTTAODCTEPK KAROUARTH. OK TTEPLYPEXWPOULHUE TIPWTX

6—x
—-3)(2x +5)

MNap&detypx (yl): J(x dx. AvaxTnTolOpe TIpPRYUXTIKODG xplBpong

A,B £TOL WOTE
6—x A N B
(x-3)2x+5) x-3 2x+5

O TTpETTEL
ARx +5)+B(x-3)=6—-x < x(2A+B)+((5A-3B)=-x+6

& 2A+B=-1kat 5A-3B=6 < A=:,B=-1
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SUVETTWG

6—x 3/11 J 17/11 3 17
(x-3)(2x+5) "~ d 2x d —Hloglx 3 2210g|2x+5|+C_
3
Hapadetypa (y2): dex

EkTedoOpe Tnv dwxipeon Tov x3 pe 1o x2 —3x + 2 :

=(x?2=3x+2)(x+3)+(7x —6)
—_— —

TtnAiko LTTOAOLTTO
OTTOTE EXOVLUE
X Sx 134 X0
x2—3x+2 2—-3x+2

KXt To 000év OAOKANpWUX elvat

x3 77X — 6
Jx2—3x+2dx_J(X+3)dX+Jx2—3x+2dx'

I'x TOV LTTOAOYLOHO TOL OEDTEPOL OAOKANPWHUXRTOG OTO OeEL HEANOG EXOULUE

7X —6 A N B
x2-3x+2 x-1 x-2

< A=-1,B=28.
oTtoTE

7x -6 8
J 3x+2 J—dX+JﬁdX——loglx—1|+810g|x—2|+C

TeAlk®, To TNTOOUEVO OAOKANPWHX (VL
2

jX—de—x—+3x—lo |x — 1| +8log|x —-2|+C
x2—3x+ 272 5 5 '

OTRY 0 TIRPAVOUXRCTTAC OeV EXEL TIPRYUXTLKEC plleg XpNnOLHOTIOWOONE S00 Te-
XVIKEGC XVRAOYX HE TO XV 0 aplOUNTNG elvait oTxBepoOg Opog N ax.
Moap&derypx (y3): Jm

O XPNOLUOTIONOOVHE TNV TIXRPRYWYO TNG KXVTIOTPOPNG EPARTITOUEVNG

1
x2+1°

(2)

arctan’ (x) =

ITpog TOOTO HUETROXNUAKTICOLUE TOV TIXPXVOUKROTH WG EENC:

P Gl

x2-2x+5 7 (x—l 4 xl | dy = ldx
_ 1 O('ITO_()l _l (X 1)
= 4 y2+1dy = 2arctany+C- 2arctan > + C.



INaxp&derypx (y4):

OnuLovpyoLue Tov 6po

2x , 2x —2)+2
- = — 2 _ — _ = | —-— —
jx2—2x+5dx (x?—2x+5) (2x —2) Jx2—2x+5dx
2x = (2x —2) +2
- [ 2x -2 dx+J 2
Bl J x2-2x+5 X2 —2x +5

XTTo H_(xp.(yS) ( 2x — 2
J x2—-2x+5

dx+arctan(xgl> + C.

I TO TTpWTO OAOKANPWHX EXOLUE

J 2x — 2 [y=x2—2x+5

1
X = =J—dy=log|y|+C=log x?—2x +5)+C.
—2x+5 Ldy:(Zx—Z)de y ( )

TeAlk&

2x ’ x—1
deleog(x —2x+5)+arctan( 5 )+C.

Me TIC TTXPXTIAVW TEXVIKEG (ITxp. Y3 KL y4) UTTOPOOUE VX OAOKANPUWOOULUE

, , 3 ax +b
K&Be ouv&pTnon Tng Hopeng

m OTaV X% + Bx +y dev éxeL pilec.

x2+x+2
1) (x2+x+1)

IMap&derypx (y5): J ot dx (CLVOLAROUOC TWV TIRPATIRVW).

AVXADOVLHE 08 XTTAODOTEPK KARTUXTX

X2+ x+2 A N Bx +C
(x+1)(x2+x+1) x+1 x2+x+1
A(x>+x+1)+Bx+C)(x+1)=x>+x+2 =

(A+B)x2+(A+B+C0)x+(A+0C)=x%2+x+2 <=
[A+B=1 ] [AzZ w
A+B+C=1 |< | B=-1

A i

X2 x+2 dx—Jde—J’#dx
(x+1)(x2+x+1) ~ Jx+1 x2+x+1

—

KOXL EXOULHE

A@oD J%dx =2log|x + 1| + C, 0 DUTTOAOYLOUOG RVAYETXL OTOV €0PETN TOUL

J X Snuovpyodue TO (X2 + X + 1), = (2X +1)

—_——ax =

X2+ x+1 2x=(2x+1) -1
B lj(2x+1 J 2x +1 _lj 1 dx
2 x2+x+1 T2 x2+x+1 2) x2+x+1



INx TO TTpWTO OAOKANPWHX EXOVUE

=x?+x+1
foi—}—ldxz Y ZJldy:]0g|y|+C=log(X2+x+l)+C
xc+x+1 dy = (2x + 1)dx y

KXL YlX TO Og0TEPO

T - MEESEION
a1 T —d 3 - 2
} (x+ t3 x+ ]+1 dy = Zdx
J3
4 2 2 2 2 1
= §Jy2+1dyZﬁarctanynLC:ﬁarctan(ﬁ<x+§>>+C
TeAlk&
X2+ x+2

dx = 2log|x + 1|—%log(x2+x+1>+%arctan<2x+1>+C.

E®APMOTES OAOKAHPQSHY - EMBAAA

(x+1)(x2+x+1)

XpNOLHOTIOLOOHE T OPLOHEVAR OAOKANPWHXTX YLX TNV e0peon eufxdwv Xwpi-

WV TIOL PPROCOVTHL XTTO YPXRPLKEC TIXPAROTTRTELS TLVEXWYV TLUVXPTATEWV.
(A) IIepltTwon f:la,b] - R kat f(x) =0 yux K&Os x € [a,b].

To eufaoxdov E TOL Xwplov TOL @EPROCETRL KTTO TO Yp&XPNUX TNng f, TOV

x—&Eova KaL TIg gvbeleg x = a,x = b elvar

E = Lbf(x)dx.

MNap&derypx: f:[2,3] - R pe f(x) =2x.

A ' y = 2x
' To epBadOv E Tou Xwpilov TTOU PPpROCETHL
XTtO TO YpRPNUX Tng f, Tov x—&Eovax Kl
TIG evBeleg x = 2,x = 3 elvat
3 ,7%=3
< 2. 3?_, E= L 2xdx = [x ]x:Z =9-4 =
Y I :

(B) IIepimTwon f:[a,b] - R kat f(x) <0 ywx k&Oe x € [a, b].

To epfxdOv E TOL Xwplov TTOL EPROCETHL KTTO TO Yp&XPNUK TnS f, TOV

x—&&ova Kol TIC evbeleg x = a,x = b slvat

- ij(x)dx =

(x)dx‘
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Nap&detype: f:[1,2] - R pe f(x) = —(x —1)%2—1.

0 To epBxdOv E Touv Xwpiov TTOL PP&RO-
OETXL XTTO TO yp&X@NU& Tng f, TOV
x—&Eova Kl TG evbBeleg x = 1,x = 2

slval

E = —Jz (-(x-1?-1)dx
J

(I') MepimTwoN f:[a,b] - R kaxt n f TRipVEL KXL OETIKEG KL XPVNTLKEC
TWéC O0TO [a,b]. Ze axvTAV TNV TepitTwon xwpiCovpe To [a,b] og vTTOSLXK-
OTAHXTX 0 K&OE éva ax1td T oTrolx €ite elvat f(x) =0 elte f(x) < 0.
Hop&dstype: f:[-1,2] - R pe f(x) = x3 — x? - 2x.

A

Bplokovpe TtpwTX TX onpeix TT0L N f

TEPVEL TOV X—&EoVa:

3

x3-x?-2x=x(x>-x-2)=0

= x =-1,0,2.

310 OlROTNUX [—1,0] n f éxeL BeTkéC THEC OLVETIWG TO EUPXOOV Ep TTOL

EPROCETRL XTTO TO YPp&RPNUX TNG f K&l Tov x—&Eova elvat
0 4 3 x=0
E1=J (xg—x2—2x>dx=[x——x——x2] _ 2
-1

310 StkoTnux [0,2] N f EXEL XPVNTIKEG TLHEG OLVETTWC TO EUPxOOV Er TTOL

EPROCETRL XTTO TO YP&XPNUXK TNG f K&l Tov x—&Eova elvat

2 4 3
_ 32 _ XX e
E, = Jo (x X ZX)dx— [4 3 x}

SUVETTWG TO OALKO epPxdOV eival E = Ey + E = % + %

(A) ITeplmtTWON EpRaSOv Xwplov TTOU QPROCETARL XTTO TIG YPXPLKEC TIXPX-
oT&oelg 600 ouvvapThoewy f,g:[a,b] — R pe f(x) = g(x) ywx kK&be x € [a,b].

To eufadOv E TOL Xwplov TTOL PPROCETRL XTTO TO Yp&XPNUK TnG f, TO yp&-



@ENUX TNG g KAL TIg eubeleg x = a,x = b elva

b
E=[ (f00 - gx)) dx

Moap&derypo: EPPardOV TOL Xwpilov TTOL TTEPLKAELETXL XTTO TNV TIRPKPBOAR Vv =

2 —x? K&l TNV evfsix y = —x.

A S BploKOUPE TIPOTAR TK® OCHUELX TTOL N
y=2-X

TIXPAPBOAR] ¥V = 2 — x? TEUVEL TNV €L-

Oelx vy = —x.

2—-x’=-x=>x>-x-2=0=>x=-1,2.

A@o0 oTOo dtkoTnux [—1,2] woxdet

2 —x%> —x,

TO TNTOOHEVO EUPXOOV elvaL:

N | ©

x=2
E = ] 2—x2%) - (=x)|dx = ] —x%2+x+2)dx = —X—3+x—2+2x =
-1 -1 3 2

x=—1
>Snuelwon: H Texvikn dwxipeong o€ LTTOSIXOTAMKRTA &lval XpNoLun Oty ot
EUTTAEKOUEVEC OUVXPTNOELS TTIOL PPRTCOLYV TO XWPLO EIVAL TTEPLOTOTEPES XTTO
o0o0.
Mapadertypx: EPPLadOV TOL Xwpilov TTOL TrEpIKAELETARL XTTO TNV f(X) = /X, TOV

x—&&ova Kl TNV evbelx y = x — 2.

To onupelo 0TO OTTIOLO TO YPRPNUX TNG

f Téuvel TNV evbBelx ¥y = x — 2 glvat

X-2=Jx,x>2>=

x?2—4x+4=x,x>2>

Vy=x—2 X =4,y =2.
Emtiong 1o yp&pnux t™ng f Tépvel Tov x—&Eovak 0Tto (0,0) KL n gvbeix y =
X — 2 Téuvel Tov x—&&ova oTo (2,0).
H euBeix x = 2 XwpiCet To Xwplo ge dvo vTTOXWPILX pe ePPXOK Ep Kt Er Tk
ottolx vTTOAOY(COoLPE WC €ENC:

x=2

b [ o [ (2] -4

x=0
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KXL

4 2 x=4 B
Ez:J[\/?—(x—Z)]d,xz 23 %X o | _10-4v2
2 3 2 o 3
OTIOTE E=E1+E2=%\/§+10_374\/§:§_

O vTtoAOYLOPOG TOL TNTOLUEVOL EUPBKOOD E 0TO TeAevTio TTxp&delypx ptropel
v Yivel Kt pe Tov €EAC KTTAODOTEPO TPOTIO: TO TPLYWVO HE KOPLPEC T
onuelx (2,0),(4,0) kot (4,2) éxeL epBadov

E; = % (BA=ZH) (YYOZx) % (2)(2) =2

Kxl, Ttpooavwe, E = Ey + E; = (Ey + E» + E3) — E3. Opwg, 10 euprdOv Ey + E» +
E; elvat TO eufxdOV TOL Xwplov TTOL EPROCETXL K’TTO TNV f(x) = /X, TOV
x—&&ova Kl TNV gvbelx x = 4, omoTE

4 x=4
E1+E2+E3=j\/)_cdx=[gx3] =@=1—6:E=E1+EZZE_2ZE_
0 3 x=0 3 3 3 3
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AOKNOELG

1. N uttoAoylo0o0vV TX OAOKANPWHXTX

22
J92x3 (x*-7)"dx (b) J%dx
2x? x+1
() \/x37 (d) Jx2+2x+3

2. Nx uTtoAoylo8o0vV Tt OAOKANPWUKRTX

(a)stinxdx (b)Jxexdx (C)JZxZexdx (d)Jexcosxdx

3. N umtoAoylo8o0v TX OAOKANPWUXRTX

3x + 11 X2
@) x2—6x—6dx (b) ,[xz—ldx
1 x2+4
© Jx2+2x+3dx (@) J3x3+4x2—4x dx

4. Nox Bpebel To epfxdOV TOL XWPLOL TTOL PPRTCETKL KXTTO TO YPRPNHUXK TNG

oVVAPTNONG f(X) = x? KL TNV gvBeix y =2 — x.

5. Nx Bpebel 1o eufadOvV TOL XWPILOL TTIOL PPROCETAL KTTO TR YPRPHUXTX

TWV TLUVAPTATEWY f(x) = —x? — 2x KXl g(x) = x? — 4.
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