SUVOTITIKEG Snpewwoelg MAOGHMATIKA A
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ITIPATMATIKEX 2XYNAPTHZIEIX

‘Eotw X,Y oOvoAx. Zov&ptnon f: X - Y amté 1o X 0T0 Y OVOUKRTOLME ML
oxéon (N XAAWE Kavovek) TTou 0 K&Be x € X avTioTolxiCel évax HOVAOLKO
v €Y 1o omtoio ovpPoAiCovpe pe f(x).

To o0OvoAo X AéyeToil TtEdio OPLOUOD.

To agOvodo {f(x)|x € X}UU@O?\'f(X)gY AéyeTal TS0 TLHWV | elKOVX TG f.

ADO CLVXPTNOELS f,g He Ttedio oplopod X elval toeg v f(x) = g(x) yux KXOe

x € X.

Mwx ovv&ptnon f: X - Y Bx AéyeTtal évx mpog évx (1-1) av

f(x1) = f(x2) = x1 = x>.

Mwx ovv&ptnon f: X - Y B Aéyetat et Tov Y v

Yy K&Be y € Y vmtdpxel x € X étol woTe y = f(x).

Nop&detypx 1: f:R — R pe f(x) = x°.
H f 8ev elvat emti o yux To y = —5 8gv LTIAPXEL X € R pe x2 = -5,
H f 6ev eivat 1-1 xxpoO f(=5) =25 = f(5).
Av Tteplopioovpe To TEdO OpLOPOD TNG f O0TO StkoTnUX [0, +00) TTX{PVOLUE
HLX GAANR ouvvaptnon g: [0, +o) — R pe (5o TOTO g(x) = X%, n omolx givat
1-1 kot oxtL emti. H ouv&pTtnon g Aépe OTL elvaxl TIEPLOPLOHROG TNG f.
H ouvaptnon h:[0,+0) — [0, +0) pe h(x) = x? eivat kot 1-1 Kext €Tt TOL
[0, +00).
20vOBeon ouvvaptTnoswv: Eotw ovvaptioe f: X - Y kxt g:Y — Z pe f
erti. H oOvBeon Twv f Kt g elvat n ouv&pTnon
gof:X— Z pe 10mO0 (go f)(x):=g(f(x)).

Nop&detypex 2: f:R — R pe f(x) =2x+1 kot g: R — R pe g(x) = x3. ToTe
(gof)(x)=g(f(x) =gx+1) = (2x + 1)

Mwx ocov&ptnon f: X — Y 0o AéyeTl MPARYUXTLKA] v X S R KoL

Y € R. ATtO edw Kt 0TO €ENC N AEN ovuv&pTnoNn B oNUAivel TTRVTX

TIPRYUARTLIK OLUVEPTNON.




I'paxdpikn mxp&orxon: Eotw f: X — R cuv&ptnon. To ocOvoAo Twv onuei-
WV (x,y) TOL eTTTEOOL YLX T oTtolx oX0el ¥y = f(x) ovou&Tetot ypxdplkn
MXPXOTXON N YPXPNUX TNC f. ETK TIRPAKEATW OXNUXTX XTTELKOVICETHL -
PLOTEPR N YPAPLKA TIRPROTARON TWV CUVAPTATEWV f1:R — R pe fi(x) = x2,
for:R— R pe fo(x) = x2 -1 KXL OTNV péon n Ypo@PLKA TIXPROTRON TN OL-
véptnong g: [-1,1] — R pe g(x) = V1 — x2. Ae&l& aTtelkoviCeTat 0 KOKAOC

TTOL WG OOVOAO ONUELWYV TOUL ETILTTEOOL dEV €lvXL YPRPNUK CTLUVEPTNONC.

I[TPOTAZH Av n ouvv&ptnon f: X — R elvat 1-1 TOTE LTIAPXEL HOVASLKA OL-
v&pTtnon g : f(X) — X pe TNV 00T yx K&be x € X, (go f)(x) = x Kxt
ywx k&be y € f(X), (feog)(y) = .

H g Ayetalw avriotpodn ™¢ f Kot oupBoAileToe pe f1.

Moap&detypx 3: f:R — R pe f(x) =2x+1.
y-1 y -
2

> LKXVOTTOLEL

‘Exovpe vy =2x+1 = x = Kxt n oov&ptnon fH(y) =

TG OXETELG

(fT o)) = fHfG) = f1(2x +1) = % = x

KXL

2
Mxp&detypx 4: [0. + ©) — [0. + o) pe f(x) = x2.

(Fef 0 =fUon = £ (T30 ) =2(F5 )+ 1=,

‘Exovpe v = x> = x = /¥y Kot f~Hx) = J/x.

MONOTONIA & AKPOTATA

H ovv&ptnon f: X — R B AéysTat

x0Eovox oV yux K&Be x1 < xp» = f(x1) < f(x2).
yvnoilwg xdfovox ov ylux K&be x; < x» = f(x1) < f(x2).

dOivovox v yux kK&be x1 < x2 = f(x1) = f(x2).



yvnoiwg $0ivovox av yix k&be x1 < x2 = f(x1) > f(x2).

-x, v x<0
Mo mtaxp&odetypx, n oovaptnon f:R - R pe f(x) =1x2, ov x €[0,1]

1, oxv x >1
elval yvnoiwg @Bivovox oto dlkoTnux (—o0,0], yvnoiwg aed&ovox oto [0, 1]
Kxt ax0&ovon 01O [0, +00). ETtiong, elvat TauTOXpOVAR KXt xOEOoLOX Kt @O{-
VOUOX OTO [1,+00). 3TO SLAOTNUX (—00,1] Oev elvat o0Te xOEovoxx 00TE POI-

vovox. To (6o kxt oTo R.

Mwx ouv&pTtnon f: X — R Aépe OTL €XEL TOTILKO HEYLOTO OTO Xo XV
DTTAPXEL OLROTNUX (a,b) C X pe xg € (a,b) étoL woTe f(xg) = f(x)

ywx K&be x € (a.b).

Mwx oov&pTtnon f: X — R Aéue OTL £XEL TOTILKO EAXXLOTO OTO Xg XV
DTTRPXEL dOLROTNUX (a,b) C X pe xo € (a,b) étoL woTe f(xg) < f(x)

ywx K&be x € (a.b).

TOTHK& XKPOTRTK HLXG OLVEPTNONG f : X — R A&YOVTXL TX TOTILKX HEYLOTX
KXL TO TOTTLKX €AGXLOTX TNG f. AvRAOyx opiCeTaxt TO OALKO MPEYLOTO (Oxv-

TIOTOXXK, EARXLOTO): N f €XEL OALKO MEYLOTO (XVT. EAXXLOTO) OTO Xy OV

f(x0) = f(x) (avT. f(x0) < f(x)) yux kK&kBe x € X.

Nxp&derypx 5: ‘'EoTw n ovvaptnon f(x) = 2 1 ‘ |
[1edio oplopod: R\ {-1,1} apod x°-1=0< x = -1,1. _1§ 0 1
Ewova tng f: (—co,—1]U (0, 0) o0 y = le,l = /\
x2=21 9 4s0=(y+1)y>0=y>001 y<-1. | |

>
H f dev elvat emti R kot dev eivaxt 1-1 (axepo0 f(2) =1 = f(-2)). 'Exel TOTIKO
HEYLOTO OTO onpeio xg = 0. Emtiong n f O8ev €xel o Kavéva onpelo TOTILKO
EAXXLOTO KXL 00TE EXEL OALKO UEYLOTO N OALKO EAXXLOTO.

SNUELWTEOV OTL N YPRPLKA TIXPROTRON TNS f KXL Ol TIXPXTIRVW TIAN-
poopieg dev pmopolV vor €ExXBo0V pe BRON T HEXPL TWPX OLOXXOEVTX.
[Mxpovol&TOVTHL PHOVO WG TIXPROELYHATX TWV EVVOLWV TWV KKPOTXTWYV TTOL

00ONKXYV TIXPRTTAVW.



TPLYWVOHETPLKEG OCUVXPTNOELG: b ot

Ol BROLKEG TPLYWVOUETPLKEG TLUVARPTATELS 7 |
nuitovo sin: R — [-1,1] ﬂl 5 tan
guvnuiTovo cos:R — [-1,1] COoS
EPATITOUEVN tan: R\ {krr + %} — R /
OLVEPARTITOMEVN cot: R\ {kmr} — R v

OTIoL k € Z xképatog, oplCovTal pe XpRon Tou KOKAOL XKTIVXC 1 (TpLywvope-
TPLKOG KOKAOG) ylx K&Be axplBuo (ywvix) 0 € [0, 21). Tevik&, yux x € R vtt&p-
XEL HOVXOLKOC XplOpOC Oy € [0,27) KL XKEPKRLOG k €TOL WOTE X = 2KTT + Oy
Kt Bétovpe f(x) = f(Oyx) 01OV f OCLUPBOAITeL K&OE picx ATTO TIC 4 TPLYWVOE-

TPLKEC TLVAPTNOELC.

To Tredicx OpLOPOD KXL TLHWV TWV TPLYWVOUETPLKWY TLUVXPTATEWY Elval V-

T& TTOL dlIvoVTHL TIRPXTIAVW. KXl €K TV TEOTRPWYV OV €XEL TNV LOLOTNTX

v elvat 1-1. Opwg, TteplopiCovTag KXTXAANAX TO Tredio OplOHOD UTTOPOOUE

v eTITOXoLVHE TO 1-1. Twx TTXPROELYUK, N €PATITOUEVN &lval 1-1 0TV TRV
T 77

TtepLOplooLUE OTO SLROTNUX (—7,5) KXL €TOL N oLVEPTNON

T TT
tan:|——,—) — R
(-5.3)
EXeL avTIOTPOPN TIOL CUMPBOAICeT™L pe arctan: R — (—%%) n tan~'.

Opowx n ovv&pTtnon cos: [0, ] — [—1,1] elvoxe 1-1 koxt eTri.
EkOeTikn ouvvaptnon: f(x) = e¥,x € R eivar 1-1, ad&ovoxx Kxt TO Tredio
THWV TNG €lvat To (0, +). H avTioTpopn Tng elvaxt n ouv&pTnomn Touv AOyx-

piBpov log: (0, +00) — R.

OPIA & 2YNEXEIA

OPIZMOZ Eotw f: X — R, xo € R k&t a € R. Ox Aépe O6TL TO 6pLo Tng f
0TV TO X Telvel 0TO X €lval a, Kt To oLPBOAICovpe limy_y, f(x) = a, kv

oL TWHéC f(x) TnNg ouv&pTNoNg TTANOLXCoLY TO a 0TV TO X TIANOLXTEL TO Xo.

Moap&detypx 6: Eotw n ocuov&ptnon f: R — R pe TOTMO f(X) = 5x — 3. TOTE

limy_; f(x) =2 80TL ylx x KovTt& 0To 1 oL TWég 5x — 3 elval KOVT& OTO 2.

Snpelwon: T Tov oplopd Tov oplov limy_y, f(x) 0ev ATXLTETARL TO X( V&
XVAKEL 0TO TtEdl0 oplopod TNG f. ApKel VX LTTIRPXOLV ONUElX X OCOONTIOTE

KOVT& OTO Xo OTX oTtolx vax opiCetaxt To f(x).



AysTHPOx OPIEMOE EoTtw f: X — R kat a € R. '‘Eotw onuelo xg € R érol woTte To TEdi0 oplopod X TG
f v TiepléxeL v ’VOLKTO SLAoTnU TG Mop@ng (xo,C) A (C,xp). O Aépe 6TL TO O0plo Tng f OTAV TO
X Telvel 0TO X0 &lval a, kKat To oVPPBOAICovpe limy .y, f(Xx) = a, 6Tav yw k&Be € > 0 vTt&pxeL & > 0 éToL

HoTE yx K&Be x € X pe 0 < [x —x0|l <8 16T | f(x) —al <e.
Hap&derypx 6: Eotw n covéptnon f: R — R pe 1010 f(Xx) = 5x — 3. TéTe limy—1 f(x) = 2 0T ywx
500év € > 0 avaCnTobpe & > 0 éTOL WOTE VL LOXOEL

O0<|x-1l<d= | f(x)-2]| <e.

O&\ovpe | f(x) —2] =[(5x—3) = 2| =5|x — 1| < € OTIOTE, ETUAEYOVTAG & = £ €XOUUE

0<\x—1|<5=\(5x—3)—2|=5\x—1\<5§=e.

1-V1l—-x

Map&detypx 7: Eotw n ovvéptnon f : X — R pe 10T0  f(X) = ox

O1TToL X = (—00,0) U (0,1). To 6pro limy_g f(x) vmtodoyiCeTxt wg €ENC:

lim £ (x) = 1-V1-x _hm(l—\/l—x)(1+\/1—x)
x—0 a 2x © x—0 2x (1 ++/1-x)
. X s 1 1
S A viox) s Tox) 4

ITPOTAZH Ioxoel 61U lin&% =1 (XTTO0ELEN XpYOTEPX).
xX—

OPIZMOZ Eotw f:X — R, xo € X. O Aépe 0TL n f(x) €lval CUVEXAG OTO Xq
otavlim f(x) = f(xo).
X—X0

Mix ouv&pTnon f: X — R AéyeTxl OUVEXNG XV (vl oLVVEXNG 0¢ K&Be x € X.

ITPOTAZH OAeg oL OLVXPTACELS TTOL OPICOVTAL PE EVIRIO TOTTO €lvext OLVEXELC.

I TToep&OELYpx ol xkOAOLOEC TLVXPTNOELG

f(x)=c,c e R oTabBep& f(x) =sinx
f(x) =xM m kkéEPXLOG f(x) =cosx
f(x)=x%aelR f(x) =tanx
f(x) =e* f(x) = cotx
f(x) =logx

elval ovvexelg oe k&Be onuelo Tov TrEd{OL OPLOUOD TWV.

I60TnTeg: ‘Eotw f,g : X — R ovvexelg ouvapTnoelg oto xo € X. TéTte oL

TIXPXKEXTW OLVXPTNOELS

&Bpolopa/dlxpop&  (f +g)(x) = f(x) + g(x)

YLWOHEVO (f-9)(x)=f(x)-g(x)
TtnAiko (f19)(x) = L5
o0vOson (gof)lx)=g(f(x))

OTTOL KXL 0TV xLTEC opllovTal, slvaxl ouvexeic.



IMNaxpxdelypxta
(8) H ouv&ptnon f(x) = /1 —x opiletal yix kK&be x € (—o0,1] KXt €lvext ov-
vexng o€ K&Be onueito Tov TESIOL OPLOHOD TNG. T TIRPROELYUK, OTK ONUEIX

x =1 Kot —3 éXovpe
im f(x) = f(1) =0 kav  lim f(x) = f(=3) =1 -(-3) =2.
1-V1-x

(9) E€eT&Coupe wg TIPOC TNV CULUVEXELX TNV g(x) = 2x
1/4 oav x = 0.
1-V/1-x

2x

, ovx=0

OL ouvapTATELS 1 — /1 —x K&l 2x €lvaXl OLVEXE(C GpX KXL TO TtnAIKO
elvat ovvexng ekel mmov opiCetxt, SNAxSH 0TO (—00,0) U (0,1]. Apx n g &iva
ouveXNg o€ K&Be onueio xg + 0 Touv TrEdOL OPLOHOD TNG (—o0,1]. Mével v
e€eTROOLUE XV N oLVVEAPTNON g &lval oguvexng oto 0. INx v elvaxt oLveEXNg
01O 0 Bx TTPETTEL VX LTTAPXEL TO OpLo limy .o g(x) KXL VX LOODTXL PE TNV TLUN
™M¢ g oto 0, OnAodn pe 1o g(0) = 1/4. 310 TTxp&OELYPX 7 VTTOAOYIOKPE XLTO

TO OpLO KL TO BpAKape 1/4 ouveTtwg N g elval Kot 0Tto 0 oLVEXNC.

cos (x — %) + sin? (x + %)

, oavx=0
(10) Eotw n ouvv&tnon h(x) = log x

0 av x = 0.
A@o0 dlvetat To h(0) = 0, TtpoPaxvwg, TOo Tedio oplopod TS h elval TO

[0, +00) Kt OXL TO (0,+00). OTtwg TIPONYOLHEVWE N ouv&kpTnon h elvxt ov-
vexng o€ K&Be onueio xg € (0, +00). EEeT&Couvpe TNV ovvéXelx oto O vTTOAOYI(-
Covtag 1O limy_gh(x) wg €€Ng

cos(x—%)+sin2(x+%) <|cos(x—%)|+|sin2(x+%)‘ 1+1 0

< N
log x |log x | |log x |

x@o0 logx — —c0 6TV TO X — 0 Kt &pax |logx| — +00 6TV TO X — 0. Apx n

h elvat ovvexng kot oto 0.

ATtO TtponyoOpevn TTPOTASH yvwpiCovpe OTL av n ovv&ptnon f: X — R elva

1-1 16Te 0piTeTt N vTiOTPOEPN TNC
ffX)-R

KL LoX0eL n €ENG
ITPOTASH Av f: X — R slvat 1-1 kKot ovveXAg TOTE KL N avtioTpopn f1:
f(X) - R glvaxt ovvexne.



IMNaxpxdelypxta
(11) H ovv&pTtnon f(x) =1-2log(l — x),x € (—o0,1) elvaxt 1-1 dLOTL

log 1-1
fx1) = f(x2) & log(l —x;) =log(l —x2) &= 1-x1=1-x2 X1 =X
A@o0 n f elvat ouvvexng, n ovtioTpo@n cuv&pTnon yvwpiCovpe OTL elval
OULVEXNC TIPLV TNV LTTOAOYITOLE

y=1—2log(1—x):log(l—x)zh%:l—x:elfzy :>f*1(y)=1—e177y.

(12) H ouvapTtnon g(x) =e>* —1,x € R sivar 1-1 d6TL

X 1-1
gx1) =gxy) @ e —1=¢22_1 e =S : —2X1] = —2X» © X1 = X?

KXL 1 XVTIOTPpOPN TNG €lvat

_log(y +1)
2

2x

y=e X1l =y+l=>-2x=log(y+1)=>x-=

dnAadn, fl(x) = —w,x € (-1, +o0).

Snuelwon: Av pwx ovovaptnon f : X — f(x) € R dev eivat 1-1 TOTE, TToxp”
OAO TTOL 0&v OpilCeT™l N XVTIOTPOPN, EXEL EVVOLX N XVTIOTPOPN elKOVX £vVOC

onuelov b € f(X) N evog ovvolov B C f(X) wg €ENc:
fib)={xeX| fx)=b} kot f1B)={xeX| f(x)eB}.

Mo mop&detyper, n f(x) = x2 dev eivat 1-1 &pax dev LTIAPXEL N XVTIOTPOPN
OAAX
fra) ={xex | x?=4}=1(-2,2

KXL
fHI4,25) = {x e X | 4=x?<25€ B} =[-5,-2]U[2,5].

OEQPHMA (ENAIAMEZHX TIMHZ) Av f : [a,b] — R elvat ouvexig TOTE n
ewkova f([a,b]) Tng f elval évae KAELOTO StkoTnue [E, nl.
EWKWTEPR, N elkOVX TNG f TEPLAXRUPBEVEL OAEC TIG TWHEG PETXED TwV f(a)

Kxt f(b). To (6o wox0eL yix k&Be vrodikoTnux [c,d] Tov [a,b].

ITOPIZMA I Mwx ovvexfg ovuvapTtnon f:[a,b] — R éxel TT&vVTX OAKO péYLOTO

KXL OALKO EAXXLOTO.

ITOPI=ZMA Il 'Eotw I StkoTtnpua 0to R Kaxt f: 1 — R ovvexAc. Av a,b € I kat

f(a)f(b) <0 TOTE LTI&APXEL ONUElo xg € I éTOL wWOTE f(Xx0) = 0.



IMNaxpxdelypxta

(13) H €€lowon x3 —4x? — 65 = 0 £€XeL TOLAGXLOTOV pwx piCox 01O R:
Oewpovpe TNV ovv&ptnon f :[0,10] — R n omoilx eivxt ovvexng oto [0,10]
KXt toxoet f(0) - £(10) = (—65) - 535 < 0. Apx LTT&PXEL Xo € [0,10] éTOoL WOTE
f(x0) =0 dnAadh xj —4x5-65=0

(14) Abon Tng e€iowong logx = + — 1.

I[Mpopavwg To X = 1 elvat Adon a@oO logl = 0. E€eTt&Covpe kv DTTAPYXOLYV
KAAEC.

H ouvv&pTtnon f(x) = logx — % + 1 opiCetaxt ywx k&Be x € (0,+00) Kt elvext

yvnoiwg ad§ovox koo

1+logx; <1+1ogxo +

= 10gx1+1—x—11<logx2+1—L

X1 <Xy = P

Kt &pa f(x1) < f(x2).

SUVETIOG N HovSLKN ADon Tng doBelong e€iocwong sival To x = 0. ADOELG 0TO

(—00,0] dev axvaxCnTolpe OLOTL yix x < 0 dev opiCeTtaxt 0o Aoy&pLOpoc.



10.

. N e€eTthoete av n ouvaptnon f(x) =

AOKNOELC

. N Bpeite 1o 1tedi{0 0pLOHOD Yix K&XOe Pl XTTO TIC TTXPXRKATW OLVXPTAH-

OELG KXL PME XPNON TOL OPLOPOD Vi eEETROETE v elvat 1-1 :

1

filx) =2-2log(x — 1), falx) =—e7*+e* f30x) = —

)

R~

falx) =1-3sin(2x),  fs(x) =x% - x.

1o ox elvat 1-1 KXy, v vy, v

Bpeite Tnv f~L

. Nt €€etoete v 1 f(x) = 8x3 + 1 elvat 1-1 ke v Bpeite to f71(2).

3-V9-—x 4 — x?

. YmroAoyiloTe Tox O0plx lim ——— — ko lim

x—0 X x-2X2-5x+6"

. Av n avTloTpéPun oovaptnon f: R - R pe f(R) = R dLEpXETHL XTTO TO

onueio A = (2,4) v Aboete Tnv e€lowon f!1 (3 +eX 1) =2.

3ax —4 ov x+1

. Nx Bpeite To a € R étoL woTE N ouv&pTnon f(x) =

5 av x =1
VX €lvoll oLUVEXNG.

x—-—1 oav x<3

. Agl€te 0TL N f(x) = elvaL ovvexng oTto x = 3.

S5—XxX v x=3
YTTO0eLEN: vTToAOY(OTE T OpLex limy .3 f(x) 0TV X < 3 KXL OTAV X > 3.

AV f(x) = x3 —x%+ x v 8ei€eTe OTL LTIAPXEL ¢ € R éToL woTe f(c) = 10.

YTO0elEN: OewpnoTe TN ocuv&pTnon h(x) = f(x) — 10 pe Tedio opLOPOD

KXTXAANAO [a,b] C R KOL EPXRPUOOTE TO OepnUK EVOLAPEONC TLUNC.

. 'ExeL piCec 010 R n e&lowaon e* =2 —2x? Av val 1to0ec?

YTto0elEN: IxpxTnpnoTe OTL, PE KOWVO TTEO0 OpLOPOD OA0 TO R, plx yvn-
olwg adEovox Kol pix yvnoiwg @Bivovox ocuv&pTnon UTTOpodV €XOoLV

HOVO ULX KOLVR TLUN.

N Sel€eTe OTL N YPAPLKEG TIRPROTROELS TWV OLVXPTACTEWY f(x) = x° +
8x KL g(x) = —e* TEPVOVTAL 0 Eva okpLBwg onuelo xo € (—1,0).
YTTO0elEN: OewpnoTe Tn ovv&ptnon h(x) = f(x) — g(x) K&, OTIWG TTNV

&oknon 9, dei&te 6TL n e€lowaon h(x) =0 éxel pix akptfwg Adon.



