SUVOTITIKEG Snpewwoelg MAOGHMATIKA A

KepaAxio #9

EIZSATQIH 2TIZ 2YNHOEIZ ATA®OPIKEX ESIZQSEIS

1 Ewxywyn

YTTRPXEL HEYRAN TTOLKIAIX XTTO ETTLOTNUOVIKX TIPOPRANUXTR OTK OTIOIX TO X&-
PRKTNPLOTIKO X{TNUX €lVAL O TIPOTOLOPLOPOG PLXC TTOTOTNTHG XTTO TOV pLOUO
HETXPOANG TNG, XTTO TNV TRXOTNTX ONAXON HE TNV oTtolx XAAXTOLV OL TLUEG
™G Tx TTHp&SeLYp: 0 TTIPOTSLOPLOPOC TNG B€0NG evOC XVTLKELPEVOL XTTO TNV
YVOOon Tng TaX0TNTRE KKL/N TNG ETILTAXVVONC TOL® 0 TIPOTSLOPLOPOC TNG TTO-
OOTNTRG PAROLEVEPYODC OLOIKG TTOL KTTOHUEVEL UETK XTTO EVX OOOHEVO XPOVLIKO
OLROTNUX v yvwplCovpe Tov puBud amtoo0VOEoNG TNG. e TTRPXOElYyHXTX
OTIWE XUT& TTPOOTIROOVPE VXX TTPOTOLOPIOOVHE PLX RYVWOTN OLVEPTNON XTTO
HEPLKEG TTANPOPOPILEC TTOL UTTOPODV VX EKPPXROTOOV T HOPPN ULXG OXEONG
XVXQPEPOUEVNG TE TOVAXXLOTO HLX XTTO TLG TIRPARYWYOULC TNG XYvwoTng ov-
vpTNONG. Ol OXEOELG XUTEC OVOURTOVTRL dLXPOPLKEG EELOWOELG KXL O KAKDOC
TWV HXONUATIKWV TTOU XOXOAETHL PE TNV OTIOLON TOLG (VAL SLXXPOVIKE OTO
ETIKEVTPO TOUL EVOLXPEPOVTOG KXL TNG HEAETNG TWV EPELVNTWV.

Ou owxopikéc e€lowoelg (A.E) kKaxTat®ooovTtal o 800 KXTNYopleg: 0TI
ouvnOelg A.E., oTIg ottoieg n TntoOpevn oLVEPTNON ElVvXL CUVEPTNON HLKG
HETXPANTAC KL OTIC A.E. HE HEPLKEG TIXPARYWYOULG, OTTOV N TnToOuEVN OL-
v&pTNnon ival oov&pTnon 800 N TEPLTOOTEPWYV HETKRBANTWY. Evt &TTAG TTCx-

p&Oelypx pLxg ovvnBoug A.E. elvat n oxéon
fl(x) = f(x) (1)

N OTrolxX LKAVOTIOLE(TXL XTTO TNV €KOBeTIKR ovv&pTnon f(x) = e*. Ox do0ue
TIXPAKXTW OTL K&Be ADon tng (1) elvxt Tng poppng f(x) = Ce*, 6Ttov C
TUXOVOX OTXOEPK.

H oxéon
*fx,y)  f(xy) _
0x? oy?

elvail TTxpROeLypx AE. pE HEPLKEG TTXPARYWYOLS. AULTH €K& N A.E. AéyeTat

0

eElowon Tou Laplace kxt TtxpoLOol&TeTxt 0TNn Bewplx TOL NAEKTPLOPOD KXL



TOU HXYVNTIOHOD, OTN HNXXVLIK TWV PpELOTWV KoL otAA0D. To o0OvoAo TwvV
Aboewv Tng eElowong Laplace TtepLéXeL OLXPOPWV EWBWV OLVAPTACELC UETARED

TWV OTTIolWwV

fx, ) =x+2y,f(x,¥) = e¥cosy, f(x,¥) =log (x> + yz) :

H cvotnuaTikn peAéTn Twv AE. &pXloe x1mmtod TOV Kxtpd Tou Newton KXL TOUL
Leibniz kot ouvexiTeTal PHEXPL ONUEPK. ZTIC TIXPODTES TNUELWOELS B XXOXOAN-
BoOpe pe Tovg XTTAODOTEPOLG TOTTOLE OLVABWV AE. KXt B TIC EPXPUOTOLUE
YIX VX ETTIADOOVHE KATTOLX (PULOLKX TTPOPRANUATH T OTTOlX eK@PP&XTovVTHL (HO-
vTEAOTTIOLOOVTXL) pE xvTEC. H etidvon Ttwv A.E. TI¢ otroleg Bx Bewpnoovpe B
yivel pe Tnv Pfondetx KATTOLWY TTOAD EWOLKWV TEXVXOUXTWV.

Oty epyaxCopxoTe pe px AE. yp&@ovpe ovvhlbwg vy avtl ywx f(x), v’
VTL Yy f'(X) KoL ONUELWVOULUE TLE TIXRPARYWDYOLG XRVWTEPNG TRENG e v,y
KA, XWpIg o0TO QLUOKE VXX EUTTOOICEL TNV XPNOLHOTIOINON KXL RAAWY YpXU-
HATWV YIX TNV TTRPROTROTN TNG OLVEPTNONG KKL TWV TIXPXRYWYWV TNG.

‘Evaig &RAANOG OUUPBOALOUOC YLX TLC TIXPXYWYOLS TTIOL Bt XPNOLUOTIOLNTOVUE

elvat avTOg TOL Leibniz cOp@WVX pe TOV OTTOlO TLG TTxpxywyovg v, vy, y'"’

; ] dy d’y d3y

KATL  HWXG ouv&EPTNONG Y (x) T oLpPoAlCovpe pe Ox’ dx2’ dxd KATL -
VTIOTOLXX.
Mepik& Ttoipaxdeiypaxtoe ovvnBwv AE. elvat T €ENC:

dy 2 rr "2

L 7x? 4 2x+1 y 2 -1

x X° 4 2x + ey +2(y)

A3y . d*y ,

4@ + smxﬁ +5xy =0 v +e*y =cosx.

3T Ttpaxmtavw A.E. n &yvwoTn ouv&ptnon eivat n y(x) kot n AE. givat

ML OXEomN HETARED TNG Y (X) KXL TWV TIRPXRYWYWV TNG YV (x).

2 Baowkég ‘Evvoleg kot Opulopol

T&EN pig AE. elval n peyardAdTepn TREN TIRPXYWYOL TTOU EUPAVICETXL OTNV
eElowon. T TTp&OELY:
- H AE. y""e™y” +5x"y =0 éxeL T&EN 3.

a2y\' rdy\ .dy , ,
- H AE. (W) + (E) +y Ix 5x €XeL T&EN 2.

- H AE. ' =3x%+5x — 7 éxeL T&EN 1.



OPIZMOZX 1 A0on pixg A.E. pus XyvwoTn ouv&pTnon y Kol XVEEXPTNTN UE-
TXPANTN X 0TO KO THUX I KXAS(TXL plx ovv&ptnon y(x) n omolx tKxvo-

TToLel TXUTOTIKX TNV A.E. yix k&Os x oto 1.
IMap&detypx: H cuv&ptnon y(x) = 2e™* + xe ™ elvaxt pix Abon tng A.E.
y'+2y +y=0.

I[Mp&ypxTt, LTTOAOYICOULPE TNV TIPWTN KL Se0TEPN TTRPXYWYO

KXL ovTIKOoTwvTag otnv A.E. éxovpue

(xe ™) +2(—e X —xe ™)+ (e * +xe ™) =xe X -2 -2xe*+2e ¥ +xe ¥ =0.

Mepiknn ADoN ovou&TeTal plex ottowxdntrote Abon Tng A.E.
Fevikn A0On pwg A.E. eivat To 00VOAO OAWV TWV CLUVXPTHOEWY TIOL €Vl

ADoelg Tng AE.
IMap&detypx: H cuv&ptnon y(x) = %4 elvat ploe pepkn Abon tng A.E.
y'x-2y-x*=0 (2)

xoD y'(x) = 2x3 KXl &px
4

VY x -2y -xt= (2x3)x—2<x7> =2x*—x*-x*=0.

I[Ixpopoiwg, n ouv&apTnon y(x) = %4 + 500x? elvat emtiong peplkn Adom. O
XTTO0EEOLPE TIHPKATW OTL K&Be ADon Tng A.E. (2) elvaxt Tng Hopng
4

y(x) = x? +cx?

YL KXTTOLO TIPXYHXTLIKO xplOpo c. Me &AAx Aoylx n yevikn Abon tng A.E. (2)
elvaxt

4

y(x) = x7 +cx?%,c eR. (3)

2.1 IIpoBARHXTX XPXLKWY TLHWV

Omtwg ava@épbnke otV eloxywyn, He Tnv emmidvon AE. xmtavT&ue, peTaED

GAAWYV, & TIPOPBAAUARTX TTPOTOLOPLOUOD HIXG TTOOOTNTRC KTTO TTANPOPOpPieC



OXETIKX PE TO pLOUO HETAKBOARG TNG. Av, Yt TIXPXOELYUX, EXOVME Pl dlxppon
pxdLEVEPYOD LALKOD ONpEpX KoL BEAOLHE VX p&kBovpe TNV axkpPfn (xplOpunTikK)
TTOTOTNTK TIOL BX LTTRPXEL O 5 XPOVIYX, BX TIPETTEL TTPOPARVWDG VX YVWPILCov-
HE TNV TTOOOTNTX TIOL XPXLKWG OLEPppevOe. AnAmon, Bx Trpéttel vax yvwpiCovupue
™V TR T™NG TNToOHEVNC TLVEPTNONG TNV XPOVIKA oTyun 0 (A YeVIKR, O€
KXTTOlo onueio Tou 1ediov oplopod TNng). Ot AE. TTov 0LVOOEDOVTXL XTTO Ml
oLVONKN TToL TIPETTEL Vx TTIANpol n TntoOpevn cuv&pTtnon ovop&klovtat A.E.

HE XPXLKEG OLVONKEG N XAALWG TIPOPANUXTX XPXLKWY TLHWV.

Moap&detypx: H AE. (2) paxCl pe Tnv amtxitnon y(2) = 20 elvat v TtpOPANUX
XPXLKWV TLHWV.
I voe Aboovpe vTO TO TIPOPANUX BploKoLE TIPWTA TNV YEVIKA ADoN (BAéTte
oxéon (3) TAPATIAVW) KXl XTTO TO 00OVOAO TWV ADTEWV XVATNTOOUE TTIOLX OL-
YKEKPLPEVN OLVEPTNON LKXVOTIOLEL TNV 000slox oxXéomn TToL €0W elvaxtL

4

20=y(2)=2?+c22(:>20=8+4C(:)c=3.

x4

Apax, n povadikn (peptkn) AOon oTo §0Bév TPOPANPX elval y(x) = %5 + 3x2.

2.2 Exkmeppaopéveg ki IemAeypéveg Avoelg ALE.

3e OAX TX TTPONYOOHEVA TIXPXROELYHXTX Ol ADOELG (MEPLKEC N YEVIKEC) TTOL -
VXQEEPONKAY EKPPRTOVTARYV PECTW OCLYKEKPLUEVWV OULVXPTACEWV WG TIPOC X.

ANAxdN ol ADOELC NTARV TNG HOPPNG
y=F(x,(C),CeR (4)

yix K&mowx ovvaptnon F. Otav n Adon pwxg A.E. dlvetat pe Tnv popen
(4) Aépe OTL n ADON elval o€ eKTIEPPROUEVN POPPN. ALTO 0&v elval TTRVTX
EPLKTO. AUTO TTOL OLUPBXIVEL TTOAD CLXVE glval Vot KXTXAREOLHE O€ pix oxéon
™G HOPPNG

G(x,y,c) =0,c € R. (5)

3€ UTEQ TIG TIEPLTITWOELG AéPe OTL oL ADOelg TnNg A.E. ekpp&TovTtol o€ TIe-
TIAEYHEV] HOPPN XTTO TNV TIRPRTIRVW OXEOT.
Moap&derypo: Ioaxpaxk&tw O p&kBovpe v Abvoupe Tnv A.E.

/_y_x

Y Y+ X



Kt 0Ttwg Bt do0peE n ADoN oplCeTal TTETTAEYPEVX XTTO TNV OoXéon

1 2 2 y _
Elog (x +y ) + arctan (;) +c=0. (6)

Ox NTRV pP&TXLN K&OE XTTOTTELPX €TTALONG WG TIPOG Y TNG eElOCWONG KXVTAC.
& TETOLEG KATOROTAOELC TIEPLOPLCOUROTE VO AEPE OTTAKX OTL N TIXPARTTIAVW &-
Elowon TIRKPLOTAVEL PHLX OLKOYEVELX ADCEWV KXL OUYKEKPLUEVN TLUN TNG OTK-

Bep&kg ¢ divel Kt 1O ik €0k ADon Tng A.E.

3 AWXPOPLKEG EELOWOELE TIPWTNG TRENG

310 €ENg Bx xax0oAnBoOpe povo pe ouvvnleig A.E. tpidTng T&ENG, dNAXON, LE

A.E. TTOLU N &YyvwoTn ouvEpTNON ElVAL TLVEPTNON PG METKPANTAC KXL OTNV
eElowon epPaviCeTat pOVO N TIPWTN TTXPRYWYOC. TTo OLYKEKPLUEVX, B Tre-
pLryp&pooupe TNV peBodoAoyix emmidvong 000 eldkwyv KXTnyoplwyv A.E. TtpmwTNng
T&ENG.

H yevikn poppn pg AE. TtpwdTng T&RENG elvat

Y = f(x,y) (7)

Mo mmoep&oelypw,

2 _x

XYy

Y +e*y =xy Kaxu y’zy

elvat AE. tpwtng T&ENC.
Iox0el To €ENC BepeAlwdeg Bewpnuax yux Tig ovvibelg AE. Ttpwtng T&ENC, TTOL

X@op& TNV OTIXPEN KXL TO HOVOONUXVTO TNG ADONG XUTWV.

OEQPHMA 2 Eotw n A.E. y' = f(x,y) K&t (x9,Yo) onueio oo 1medio optouov

™S f. Av 1oXUEL OTL

- f ouvexng oto oploywvio R = {(x,y) € R?: |x — xol < &1y — vl < &}

. of
0y

TOTE UTTXPXEL HOVXOLKY AVon y(x) Tng AE. v = f(x,y) HE TNV OOTNTX

(x,y) €ivxt ovvexng oro R

Y (x0) = Yo.

3.1 2ZvvnOeiwg A.E. pe XwpLtCopeveg PeTxPANTEG

Ot AE. pe XxwplCopeveg HeTPANTEG elvail ’LTEC TTOL N cuvapTnon f(x,y)

otnv oxéon (7) elvat To yvopevo 800 cuvapTNoewy h(x) Kot g(y). SuVeETTWC,

5



N YeVIKN pHop@n plxg AE. pe xwpllopeveg HETRPBANTEG elval

Yy =h(x)g(y) (8)
AvTiKaOLloTOVTRG V' = Z—f: éxooupe (ywx g(y) +0)
dy 1
== = h(x — ——dy =h(x)dx
Ox (x)g(»y) g (x)

Kt n e0peon TG ADONG ETTLITUYXAVETKL EKTEAWVTARC TLC 000 TTHPXKATW OAO-
KANPWOELG (Wg TIPOC X KXL WG TTPOG V)
JLdy = Jh(x)dx
g(y)
Nop&dstypo: Etidvon t™ng AE. xdx — y?dy =0

2 3 [3x2
‘Exovpe xdx = y?dy < dex=Jy2dy=>x7:y?+C(=}y: ’ 3%_30

IMoap&detypo: Nx AvBel To TIPOPANUX XPXIKWV TLHWV

eXdx —ydy =0 pe y(0) =1.
YttoAoyiCovpe

eXdx —ydy =0 < e¥dx = ydy < Je"dxz Jydy = e* = y?Z—C
KXL OUVETTWG N YEVLIKN ADON elvat
Y2 =2e* 4+ 2C.
Mo v IKRXVOTTOLEITARL N xpXLKN ouvOnkn Y (0) = 1, TtpéTtel
y(0)2=2e0+2C(:>1=2+2C(:>C=—%.

Apx n ADON TOL TIPOPANURTOC KPXLKWV TLHWV VXL

1
y2=2e’“—2§ oy =+2ex — 1.

SNUELWTEOV OTL N ouvapTnon y(x) = —/2eX —1 Tap  OA0 TTOL &lvat ADON
T™N¢ A.E., dev axttoTeAel ADON TOL SOTHEVOL TIPORANUKTOC XPXLIKWY TLHWV OLOTL

v(0) = —+/2eY —1 = —1, dnAxdn, 6ev TTAnpol TNV xpxkn oovvOnkn y(0) = 1.

Mxp&dstypo: Emidvon tTng AE xy (1 +x%)y’ =1+ y2.



YTto0éTovTg X + 0 éXovpe
y 1 J y

, _ 1
1+y20 “xx2+l) 1+y2dy_Jx(x2+1)dX
) 1, -x

= %fuyzdy:f[rm]dx

= %log(l +y2) =10gx—%10g(1+x2) +C

= log(1+ y?) =2logx —log(1+x?) +2C

X2€2C

e 14 y2 _ e210g(x)—log(x2+l)+2C _ i

02C 2
= Yy ==+ x2+1_1'

3.2 T'paxppikég A.E.

Mwx TtpwTNnNg T&ENG A.E. €€lowon A&yeTL YPXHUHULKN XV (VXL TNG HOPPNC
Y +px)y =aq(x) 9)

OTTIOL p, q (vl OLVEXELG WG TIPOG X OLVAPTNOELS. AV q(x) = 0 TOTE n e€lowon
(9) ylveTa

Y +px)y =0 (10)

N oTtolx AEYeTL opoyevng YPXUUMIKN AE (Kt XWpLCOPEVWV HETRBANTWV).
H opoAoyixt «ypXUHULKA» TTPOEPXETARL XTTO TO YEYOVOG OTL &V y1(x), V2(x) elva
000 ADCOELC TNC opoyevolg TOTE KADE YPXUULKOG TLUVOLXOUOG Ay +Ar Yo elvat

ettiong Avon tng (10):

Ay +202) + (A1 +200) p(X) = Ay + Aoy + Aiip(x) + A yep(x)
= M (Y1 +px)y1) + A (v +p(x)2)
A0+ A,0=0

Emtidvon ypaxpputkng A.E.: TTOAAXTIAXCLXCOLHE KoL Tx 800 HEAN Tng €€lowong
(9) pe KXTRAANAN cLVEPTNON V(X) ETOL WOTE TO YLWOMEVO TNG V(X) HE TO
®pLoTePd HENOC TNG €Elowong (9) v LoodTAL HE TV TTRp&ywyo (v(x)y) Tng
ouvapTOoNg v (X)y, dnAadh, v(x) (' +p(x)y) = (v(x)y) .

H ouv&ptnon auTh eivat n v(x) = e/ PX4x ol

(v(x)y) = (ejp(x)dxy)' - (efp(x)dx)'y + el p()dx o0
= elPdx ([p(x)dx) y + el PxIdxys
v(xX)pxX)y +v(x)y =v(x) (¥ +px)y).



OAOKANPWVOVTRG EXOLME

1
v(x)y = Jq(x)v(x)dx +C = y(x) = g
OTIoL v (x) = e/ P)dx,

SUVETIG N YEVIKN ADON TNG YPXUHULKAG eElowang (9) elva

y(x) = W (JQ(X)QJP(X)dXdX + C) ,C € R.

Mxp&detypox: Emidvon tTng y'x = x? + 3y, x > 0.
MetaTpémtovpe TNV A.E. otnv poppn v + p(x)y = q(x):

’ 2 7 _3 p(x) = _S/X
YVXxX-3y=x"<=y +—y=X JU¢
X a(x) = x
s -3
YTtoAoy{Coupe ol Xdx — o3 xdx _ p-3logx _ (el"g") =x3= %

KXt x1to ToVv TOTTO (11) éXOULpE

(J qax)v(x)dx + C)

(11)

i [ebons Q) ([ i) o (o) o
y(x)—l/x3<JxX3dx+C>—x dex+C =X x+C = —-x°+Cx".

Iaxpaderypx: Emidvon tng v’ +2xy = 2xe X",

ATtO Tov TOTTo (11) Kt yux p(x) = 2x,q(x) = 2xe " €Xoupe

y(x) = e J2xdx (J Dxe X el2xdx gy | C) — e X (J 2xe X X dx + C)

e’ (J 2xdx + C) =e X (x2 + C) :
IMop&detypx: ETTALVON TOL TIPOPBAAUKRTOC KPXLKWV TLUWV
ty'+2y=t2—t+1,y(1)=%.

INo ™V ypopukn A.E.

2 t?—t+1
ty’+2y=t2—t+1(:>y’+?y= .

- —

p(t) a(t)

LTTOAOYICOVHE U (f) = el 74t = e2108t — 2 koL N yevikA ADOM elvaut

o2 \4 3 2 4 3 2 ¢

Oétovtag t =1 tTpoodlopiCovpe To C woTte y (1) = %:



Ebxppoyn: I'vwpiCovpe 6TL 0 OXETIKOG pLOUOC ROENONC £vOg TTANBLOUOD Pox-
KTnplwv &val aov&Aoyoc Tou TTANOLOH00. AV TNV Xpovikn oTypn t = 0 o
TIANOLOUOC elvat 200 KXt TNV Xpovikn oTiypn t = 10h eivat 280 v PBpebet o
TTANOLOUOC TWV BaKTNplwyv TNV XpOoVIKN oTyun t = 30h.

‘Eotw P(t) 0 TTANOLOUOC TNV XPOVIKA OTLyun t. Mg diveTo 6TL
P’ = kP

yux K&Tolx otoxBep& k > 0. AOvoupe xvTAV TNV TIpWTNE TAENC A.E. KXt éXoupe

%dP = kdt < logP =kt + C = |P(t) = e* ekt

AuTn elval n yevikn ADON KoL XTTO T Oe00PEV PG OB TTPETTEL VX TTPOOLO-
ploovpe TIg oTBepéc k Kt C dNAXON v BpoOpE TNV CLYKEKPLUEVN (MEPLKN)

ADO™N TTOL LKRVOTIOLEL TIG OLVVONKEC TTOL €XOLUE:

Ago0 P(0) = 200 = 200 = e€e® = e€ &pa |P(t) = 200e*t

280 _ 1ok g = L 105280 L 033 qpa

Apo0 P(10) = 280 = 500 e =k = 70 500

P(t) = 2009331,

ATIO TNV TeAeuTRIX OXEON PTTOPOUHPE VA LTTOAOYIOOULHE TO TTANBLOPO € OLX-

ONTTOTE XPOVIKA OTLYUR:

P(30) = 200 ¢%933:30 = 200 %9 = 200 - 2,71 = 542.



AOKNOELC

1. Nx Bpebel n yevikil ADon K&Oe pLg ek TWV TIXPXKATW (XWPLCopevwy

peTxpAnTwy) A.E.
(a) ¥ = y°x’

1
(b) xdx+—dy =0
y Yy

’ y
(c) ¥ =2
,  xeX
(d) y' = 2y

2. Nox AvBo0vV T TIXPAKATW TIPOPANUXTX KXPXLKWV TLUWV:
(a) sinxdx +ydy =0, y(0) =-2
(b) (x2 + 1) dx + ldy =0, y(-1) =1
y

2

dy vy
(©) dx 2x-9’

d) —xeX 1+yy =0,v1) =1

x>9/2,y(55)=1

3. N Bpebel n yevikn ADON K&OE PLXC €K TWV TIXRPRKEXTW (YpXUULKWV) A.E.
(@) y-y-2x-1=0
(b) v +2xy =2x3
(c) ¥ +y =sinx
, 1. 1 11
(d)y+xy_x4+xz x

4. Nox AvBo0V T TIXPRKEATW TIPOLANUATHR XPXLIKWV TLHWV:

(@) ¥y -3y —-x=0,y(0) =1
, 1 4 2

(b) ¥ —;yzx -x“+x,x>0,¥v(1) =3/4
/ 1 4x—-1

(C) y +;y:e 1x>01y(1) =_]-/2

, 2 1 2
(d) »y +;y=?+;+3,x>0,y(1)=4

10



